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S1Proofs of propositions occurring in the main part

S1.1Transposition relations between different matrix representations

The propositions proved in this subsection are needed (i) for the transition from the systems
of commutator equations to the Liouvillian matrices by transposition of the coefficient matri-
ces (for example, Main Part: Eq. (19) to (22) as general form, Egs. (33) to (34) and (53) to
(54) for the 3D and 4D cases, respectively), and (ii) for obtaining the propagation formulae
from the propagator matrix.

S1.1.1 Generic superoperator acting on the density operator

Proposition 1: Let S be an operator space of dimension N, p€ S a density operator and Aa

superoperator acting on S. The corresponding matrices are denoted by p and A, respectively.
Furthermore, let u be a column vector whose elements #, (i€ {1..N}) are the operators of a
basis of S. Then the action of the superoperator on the density operator can be represented in
two equivalent ways: (i) multiplication A-p, (ii) multiplication AT-u.

Proof:

The expansion of the density operator into the operator basis {ﬁl} is described by Eq. (8) of
the Main Part as

p=u-p (S1)

(m" means the transposition of the matrix m.) It states that the density operator can be writ-
ten as a generalized scalar product between two column matrices. The first one contains the
basis operators, the second one the expansion coefficients.

A

The action of a superoperator A on the density operator can be mapped to (symbol: =) the
matrix space as

> >

p > u'(Ap) (S2)

Eq. (S2) corresponds to the multiplication of the superoperator matrix with the density col-
umn matrix. Applying usual matrix calculus, we get

u"(Ap)=(ATu) p (S3)

The right-hand side can be interpreted as multiplication of the transpose of the superoperator
matrix with the column containing the basis operators.

Eq. (S3) completes the proof of proposition 1.



Remark: The product A-p belongs to the mapping of the operator space to the matrix space
with a basis {(1,0,0,...,0), (0,1,0,...,0),...}. In contrast, AT-u belongs to the reversed map-

ping of the matrix space to the operator space with the basis {ﬁl ,...,ﬁN} . That means, the

space containing A is the dual space of the space containing AT, and the transposition repre-
sents the well-known relation between corresponding matrices from both spaces.

$1.1.2 Consequences for the relations between commutator equations, Liou-
villian matrix, and propagator matrix and propagation formulae

Proposition 2: The Liouvillian matrix is the transpose of the coefficient matrix of the system
of commutator equations.

Proof: The action of the Liouvillian onto the density operator can be represented in matrix
form by L-p, the product of the Liouvillian matrix and the column of the density matrix ele-
ments. On the other hand, the action of the Liouvillian is to form the commutator with the
Hamiltonian. The result of this action on the column u of basis operators can be formally de-
scribed by the multiplication with a matrix M as M-u. An explicit formulation of that is Eq.
(19) in the Main Part.

Following Eq. (S3), we identifiy M with L. (19).
This proves proposition 2.
[

Proposition 3: The coefficient matrix of the propagation formulae is the transposed propaga-
tor matrix.

Proof: The action of the propagator U can be expressed by its action on the density column
matrix as

p(r)=U-p, (S4)
where we use the column basis {(1,0,0,...,0), (0,1,0,...,0),...}.

In contrast, the propagation formulae use the dual basis {ﬁl,...,ft N} . Again, we describe the
time evolution by the multiplication with a matrix M’ as
u - M'u (S5)

Corresponding to proposition 1, we identify M’ with the transpose U of the propagator ma-
trix. This proves proposition 3.

[
S1.20rthogonality of Hermitian operators to its commutators
Proposition 4: A4 and [é,ﬁl} are orthogonal if A and B are Hermitian.
Proof: (4,8)=Tr{A".(A.B-B.A)} = Tr{A.A.B}-Tr{A.B.A}=0
because a cyclic permutation within a matrix product does not change its trace.

]



S1.3Rules for trace calculations

Firstly, we consider a product of n Cartesian components of the individual spin operators, as
for example /_, [ yS”Z, orl_S, S, ,in asystem of N spins. The spins are numbered here by a

superscript, i.e. we deal with the operators i(“),fi“),f}(,“),f;“) (a€ {1..N}) for the Cartesian

components of the a-th spin. 1 is the unit operator in the subspace of the a-th spin. The ma-
trix of a single-spin operator in the whole space can be written as
17017 @..01" ®...©1" where the bold symbols denote the matrices assigned to the

corresponding operators, ® denotes the Kronecker product and ye {x,y,z}.

From the rule Tr(A ® B)=TrA-TrB it will be clear that the trace of the matrix of any prod-
uct of Cartesian angular momentum operators in odd powers is zero.

To calculate the norm, we have to calculate the traces of the matrix squares (all operators
considered in this paragraph are Hermitian). In the single-spin subspaces we get:

Tr1® =2; Tr(1€) =Tr(19) =Tr(1®) = Tr&lj =%

The matrix of a product of n spin operators in a N-spin space is the Kronecker product of n
spin matrices and N-n unit matrices. Its trace is therefore (1/2)"-2"" =2""*" | the norm is the

square root:

N
Fal_n2 . —n2
I'”l=22 =2 etc.

v

N
A A —=2
Iy(“)léﬂ) H —22 . ‘

o0 3(8) Ho
I; )I(g )[i)

The following table summarized the trace values for some N and n:

N=|1 2 3 4
nil
1
1 |— 1 2 2
2
11
2 - — ]
2 2
3 1
22 2

Secondly, the norm of the sum of two orthogonal operators is

4+ 8= [Te[ (AT +B7)(A+B) | = [Tr(A"A) + Te(B.B) = | 4] +|3]

S2 Matrix exponentials

For the two-dimensional case, we make use of the property that the square of the matrix in
the exponent is proportional to the unit matrix:



0 zﬁ:_ﬁzl 0
—it 0 01

We then obtain for higher powers

AN (1 0 0o Y™ (0 1
=(-#47) and = Jt(—Er)
it 0 0 1 it 0 10

and for the matrix exponential:

0 ) = 1 (0 Y < 1 0 Y
= +
eXp(—it oj ;(2;1)!(—1% 0] ;(2“1)!(—1',& 0)
1 O o (_)” /12nt2n 0 1 oo (_)”12n+lt2n+l
= ——————____-+ -
o e 2

n=0 n=0
1 0 0 1), cosAt sinAt
= COS At + sint = )
0 1 -1 0 —sinAt  cosAt
Matrix exponentials of larger matrices can be obtained in a number of ways, for example us-

ing the Cayley-Hamilton theorem, the Putzer algorithm or Sylvester’s formula. Computer al-
gebra programs such as Mathematica may be useful.

For applications corresponding to subspaces with dimension up to 6, the corresponding re-
sults for the exponentialization of the Liouvillians shown in this paper can be used as a tem-
plate.

S3 Application examples

S3.1“Zero-dimensional” case

If the Hamiltonian commutes with the operator characterizing the state of the spin system,
there is no change of the state. This holds for:

S3.1.1 Example OD-1: Total z magnetization under homonuclear dipolar interac-
tion

[A,.0.+1.]=0 - @.+0, el foyi, (S6)

The statement is that the dipolar interaction within a pair of parallel spins '2 does not change
this state, in contrast to antiparallel spins (see example 2D-4).

S3.1.2 Example OD-2: Cross polarization, sum of / and S polarization (large rf pow-
ers)

>
>

(A 8.+1]=0 > S.+1 Mt gy (S7)

N
N
N
N



Similar to the dipolar Hamiltonian, the Hartmann-Hahn Hamiltonian in the double-rotating
frame does not change the sum of both states. However, this is not true if the rf power is lim-
ited, see example 3D-9.

These examples will play a role in the discussion of polarization transfer and cross-polariza-
tion effects below.

S3.2Examples for the two-dimensional case

S3.2.1 Procedure as explained in the main part

(74]- 2B g

S ol4 —L dcosar+ Bsin i (S8)

S3.2.2 First group of examples: FID and spin interactions.
The initial state is parallel magnetization of spins /1 and /2, aligned transversal to Bo.

S3.2.2.1 Example 2D-1: Homonuclear dipolar interaction between spins 1/2

.y A A A

Initial state and Hamiltonian: A4 =/ wtL, H=H,
Commutator equations:

(A,.0,+1,] =30, (2,1, +21.1,,) (89)

In a system of two spins ', I, + I, has the norm V2, flnyZ +flzf2y has the norm 1/ V2. To

ensure that the norms of both state operators are equal, we choose the assignment

A=-3D,, B=2I I, +2I I, .Insertion into Eq. (S8):
. 7, . 3 s e s a3
ioei, —Hut (le+IZX)cos§DHt - 2 1212y+11y122)s1n5D1,t (S10)

S3.2.2.2 Example 2D-2: Heteronuclear dipolar interaction between spins 1/2:

Commutator equations:

(Al = ~iD,;-21 8, s

[F1,:218.] =iD d,
In a system of two spins %, [ . has the norm 1 and I yS'Z has the norm ’2. To ensure that the

norms of both state operators are equal, we choose the assignment 4 =—D,, B=2] yS’Z . In-

sertion into Eq. (S8):



A

P st fcospy - 208.sinDyt (S12)

S$3.2.2.3 Example 2D-3: Quadrupolar interaction for spin 1:

A A A

Initial state and Hamiltonian: A=1_, H = o> commutator equations:

X

. (S13)

+IAZIAJ =—m, 1,

For single spins 1, both fx and | yIAZ + fzf , have norm V2 . We choose the assignment

A=y, B= fyfz + fzfy. Insertion into Eq. (S8):

R Hyt
I ———— [ cosw

. " (S14)

t o+ (fzfy +fyfz)sian

In all three cases of this first group of 2D examples there is an oscillation between an observ-
able transversal magnetization and an antiphase state.

Remark: If we consider isotropic samples, which contain an orientation dependence of the
angular frequencies of the oscillations, the total magnetization in the previous examples
shows a strongly damped oscillation, which is the result of the so-called powder averaging.

S3.2.3 Second group: Polarization exchange

Polarization exchange occurs during both spin diffusion and cross polarization. Antiparallel
coupled spins exchange their states when the total energy is maintained. This applies to spins
whose resonance frequencies are the same, either like spins in the laboratory frame or unlike

spins in the rotating frame under rf irradiation where the Hartmann-Hahn condition is ful-
filled.

That is, the initial state in both cases is assumed to be an ensemble of pairs of antiparallel

spins il T iz and 1TL S (1,,1,,1,S =1/2), characterized in the operator representation by

I.—1, and 5’2 — I, respectively. In this subsection, it is assumed that the relevant fields

(external magnetic field in the first case, rf fields in the second case) are very large compared
to the coupling frequency.

S3.2.3.1 Example 2D-4: Antiparallel like spins:

Initial state and Hamiltonian: A =] — I ass H=H ;s (secular part of the Hamiltonian; its use

requires the assumption that the static magnetic field is large compared to the field exerted by
one spin on the other.)

Commutator equations:

|:I:Ill’ilz_j22:| = iDy, (2[ I (S15)



In a system of two spins %, 1, i I ,, has the norm V2 and I bj T flinX has the norm 1/ V2.
To ensure that the norms of both state operators are equal, we choose

A=D,, B= 2f1xf2y - 2f1yf2x. Insertion into Eq. (S8):

A

I - ,, —a (flz—fzz)cosDIIt + Z(jlszy—flylh)SinDﬂt (S16)

Note that the angular frequency of the oscillation is -Dyz, not -(3/2) D as in the case of a FID
under the same interaction (example 2D-1).

S3.2.3.2 Example 2D-5: Antiparallel unlike spins under Hartmann-Hahn condition:

Initial state and Hamiltonian: 4 = S’Z - I:, H= I:IHH.
Commutator equations:
|:PAIHH 4 S\vz - iz :|

[I:[HH,2IAX§}, _2iy‘§x:| = _iDjs(Sz _iz)

iD, (21,8, -21,3,)

(S17)

In a system of two spins ¥, S, — fz has the norm +/2 and IAXS’y ~I y§X has the norm 1/ V2

z

(see appendix). To ensure that the norms of both state operators are equal, we choose
i=Dy, B=218 -21 8, . Insertion into Eq. (S8):

S -1 % (S'Z—fz)cosD,St + 2(fX§y—fy§X)sinD,St (S18)

Note that the sum of the polarizations of both spins within a pair is constant under these cir-
cumstances, because the sums of the z components of both spin operators commute with the
corresponding Hamiltonians, see examples 0D-1 and 0D-2.

Example 2D-4 can be regarded as an elementary step of the spin diffusion. It represents the
ensemble average over the individual spin flip processes. Although the spin diffusion gener-
ally exhibits a non-oscillatory course, oscillations can be detected at the beginning. For
longer times, however, the multi-spin interactions will suppress these oscillations (Zhang et
al. 1992, Roos et al. 2012).

The use of this form of the Hamiltonian (see Main Part, Appendix, Eq. (B4) is associated
with the assumptions that (i) the Hartmann-Hahn condition is fulfilled, and (ii) the rf field
strengths at both channels are large compared to the coupling fields. If we consider that at
least one of these assumptions is not fulfilled, we encounter a problem leading to a subspace
with dimensions larger than 2, see below.

S3.3Examples for the three-dimensional case

S3.3.1 Procedure as explained in the main part

The system of commutator equations



[ﬁl,fz]z —ia-A +ib-C (S19)

(11.¢]- ib- B

gives the following propagation rules (with g =va’ +b°):

. 7- ~ b* +a’cosqt sa ., ab
A ' A a zcosq + B'gsmqt + C-a—z(l—cosqt)
q q q
. 7 . ~ b . ~a
B L B-cosqt + C-—singt - A-Esmqt (S20)
q
3 2 2
- . ~a +b t ~ ab ~ b .
¢ Mty 4 2C08q + A*a—(l—cosqt) — B-=singt
q q q

For the special case a = b we obtain the following propagation formulae:

LN 1:l~coszq?t + é-%sinqt + Csind

A I:I[ A Jal 1 . ~ 1 .

B —— B-cosqt + C~—2s1nqt - A~—2s1nqt (S21)
SR AN BYNC L Ly ROV L é-%sinqt

S3.3.2 First group: rf irradiation at the observe channel, initially equilibrium,
magnetization along Bo.

Here we follow the magnetization of the / spins during rf irradiation under the influence of
another interaction.

S3.3.2.1 Example 3D-1: rf irradiation on isolated spins under resonance offset (off-resonance
nutation experiment)

Initial state and Hamiltonian to be replaced in Eq. (S34): A= fz, H=H 4t H n-

(1,4 A,.0 ] =i ],
| A+ 8,1, | =i, I +ido] (S22)
(11, + 81,1 ]=-ido],

After the third application of the commutator with the Hamiltonian, the result contains only

I , which appears already in the first commutator equation. So the iteration stops here.



In this single-spin system, the norm of all three operators is 1/ \/5 . Hence, we assign
B=1 ) C= fx, a =, and b = Aw . Inserting this into the first of the propagation rules in Eq.

(S20), we obtain the following propagation rule for I L

(Hlx—i_HAw)‘t i .Aa)z'i‘a)]z[cosqt

z z 2

1 (S23)

AW . ~ o, Ao
+ Iy~is1nqt + Ix‘l(]]—z(l—cosqt)

~>

with ¢ = o], + 40” .

S3.3.2.2 Example 3D-2: rf irradiation under heteronuclear dipolar interaction

Initial state and Hamiltonian: A= fz, H=H Lt H s -

Commutator equations corresponding to Eq. (S19):

|:[:[1x+]:]1S’iz:| = iwuiy
[ﬁ +H IS,IAJ =—iw, I +iD21 S, (S24)
[ﬁ1x+lflls,2fx§2] = inJ 1,

In a system of two spins 2, fz and [ , have the norm 1 and I S'Z has the norm '2. To ensure

equal norms of all state operators, we assign B=1 Vo C=218
serted into Eq. (S20):

a=w,, b=D,. This is in-

i (H1x+HIS)'t fi .Dlzs+a)lzlcosqt
z z 2
9 (S25)
A . A A D
+ 1, -%smqt + 218, -%(l—cosqt)

with ¢ =, + Dj; .

(The case of homonuclear interaction under rf irradiation leads to a 4D problem, see example
4D-2.) The similarity of both equations (S23) and (S25) is evident. For Aw — 0 and Dis — 0,
respectively, they merge into an equation describing a rotation in the yz plane.

It should be mentioned that Eq. (S23) can also be obtained in two other ways: (i) Classical
vector model: the motion of the magnetization is regarded as a precession around the effec-

tive field B,; =B, + 4B, and (ii) Coordinate transformation as rotation around the y axis by

an angle of arctan(Aw/w,, ), and subsequent application of the POF rules.

10



Both Eqgs. (S23) and (S25) reflect the well-known fact that a total inversion of the magnetiza-
tion with a single rectangular pulse is only possible if the offset or the coupling is zero. In ad-
dition, coupling and resonance offset change the pulse duration required to reach both maxi-
mum and zero y magnetization to shorter times:

. . /2 for maximum M
Jo 7T e (526

T for zero-crossing of M,

where C = 4w for Eq. (S23) and C =D, for Eq. (S25).
To obtain the corresponding scalar-interaction equation, replace Dis with —zJ.

S3.3.3Second group: rf irradiation during FID influenced by another interaction,
initial state: transversal magnetization

$3.3.3.1 Example 3D-3: Heteronuclear cw decoupling with finite rf power

Here we consider ensembles of isolated pairs of coupled unequal spins Z, S. The process starts
with / magnetization along the x axis in the rotating frame. The S spins are rf irradiated.

Initial state and Hamiltonian: A= I;, H=H ot H Is -

Commutator equations corresponding to Eq. (S19):

(Ao +Hgl | = ~iDy 21,8,
[FI o+ Hg,21 yS’Z] =iDg 1, w208, (S27)

(11, +11,,21 3, iy 208,
In a system of two spins 2, fx has the norm 1, 7 yS’Z and / yﬁ”y have the norm 2. To ensure

that the norms of all state operators are the same, we assign
B=1 yS‘z, C=2I yS ,» a=—Dj; and b=, . Inserting that into Eq. (S20) gives

i (H1S+HSX)'t i ‘a)lzs+Dlzscosql‘
X X 2
9 (S28)
~a Do ~a D,
-21,8, -71551nq3t -21.8. ~%(1—cosqt)

with ¢ =/}, + D}, .

Equation (S28) describes a partial exchange of polarization between x magnetization and two
antiphase states.

The decoupling effect is explained as follows: As w1s increases, the oscillation captures a de-

creasing fraction D/ / (s + Dy ) of the prefactor of I, i.e. of the x magnetization, due to

the fact that the average level grows proportionally to @/ / (a)lzs + Dlzs) asymptotically to 1 for
wis — . (For wi1s — 0, Eq. (S28) approaches Eq. (S12) in example 2D-2. In other words, it

11



describes the FID for the case of heteronuclear dipolar interaction without decoupling, see
also the black curve in Fig. 1 of the main part.) Orientational averaging leads to a fast decay
of the oscillation which produces a broad resonance after Fourier transformation. Such an os-
cillation has been observed in DIPSHIFT experiments (Kurz et al., 2013), albeit under MAS
conditions. This is illustrated in Fig. 1 (main part) by the curves for different b (correspond-
ing to w1s in this example). The constant component is subject to relaxation damping and
chemical-shift-induced oscillation on a longer time scale and produces a more or less narrow
line.

For obtaining the corresponding equation for the J coupling, replace Dis with —z.J.

S3.3.3.2 Example 3D-4: In-resonance spin locking and heteronuclear dipolar coupling

Again, we consider ensembles of isolated pairs of coupled nonequal spins 7, S starting with /
magnetization along x axis in the rotating frame. Then the evolution under rf irradiation along
x in the observe channel is recorded.

Initial state and Hamiltonian: 4 = fx, H=H Lt H s -
Commutator equations corresponding to Eq. (S19):
(A +Hg 0| = ~iDy 21 8.

A

Dy -1 —iy, '2iz*§z (529)

X

(11, + 115,21 8.

|, + 0,208, | i, 218,

In a system of two spins 72, fx has the norm 1, 1 }SZ and I:S’Z have the norm '2. To ensure that

the norms of all state operators are equal, we assign
B=1 ySz, C= 2fz$'z, a=-D,; and b=~ . Inserting that into Eq. (S20) gives

(Hzx"‘st)'; F ), + Dy cos gt
X 2

1 (S30)
~a Do ~ar o, D
-21,S, -—Esingt +21.S, - =5 (1-cosqr)

2

q q

I

(The oscillation frequency is indeed equal to that for the nutation example 3D-2, see equation
(S25).)

S3.3.3.3 Example 3D-5: In-resonance spin locking and homonuclear dipolar coupling

Here we consider ensembles of isolated pairs of coupled equal spins /1 = > = Y. The process
starts again with / magnetization along the x-axis in the rotating frame. Then the evolution
under rf irradiation along x in the observe channel is recorded.

Initial state and Hamiltonian: 4 = flx + IAzx, H=H xt H -

Commutator equations corresponding to Eq. (S19):

12



p2d 0 =200 ] = 2iw (20,1, +21.1,)

1y*2z 1z72y

System of spins Y%: ilx +IA2X has norm /2, flnyZ +flzf2y and lefZZ —flyfzy have norm 1/\/5 :
To ensure that the norms of all state operators are equal, we assign
B= 2f1yf22 + 2flzf2y, C=2I1, —2f1yf2y, a=—2D, and b=—2¢,. Inserting that into Eq.

(S20) gives
o H, +H,)t e\ At +0D? t
11x+ 2x ( - H) (le+ ZX). a)” : ZHCOSq
q
. ..\ 3D, .
~2(f, 0, + 1212y)-g”smqt (S32)
A A oA 3w
+2(]12122—]1y zy) L (1—cosgt)

with g = ,/%Dﬁ +4w], .

Comments on examples 3D-4 and 3D-5:

In the limiting case w17— 0, both equations, as expected, approach the corresponding
rf-free FID’s given by examples 2D-1 and 2D-2, respectively.

Analogous to the other 3D examples, the oscillation takes place around a level that in-
creases with w1z The latter corresponds to the spin-locked part of the transversal mag-
netization. At the same time, the amplitude of the oscillation is reduced.

These oscillations are observed at the onset of spin-lock experiments (Krushelnitsky
et al. 2018, 2023) and have been described theoretically by Garroway (1979) and
McArthur et al (1969). Due to their orientation dependence, they decay rather quickly
in a powder sample, but can be refocussed in MAS experiments.

The propagation formulae (S25) and (S30) refer to the same Hamiltonian. As a conse-
quence, the oscillation frequencies are the same. However, the different initial states
lead to different subspaces and thus to different propagation formulae.

S3.3.4Third group: Polarization transfer; the relevant field strengths are much

larger than the coupling frequency

This situation is very similar to those treated as 2D cases (examples 2D-4 and 2D-5). The dif-
ference is again in the initial states. Instead of the antiparallel initial orientation as above,
here one spin of the pairs is polarized, the other is not. The initial states are now described by

flz and 52 , respectively. Since they are not elements of the 2D subspaces of the examples

above, the motion now takes place in other subspaces, which turn out to be three-dimen-
sional.

13



S3.3.4.1 Example 3D-6: Equal spins:

Initial state and Hamiltonian: 4 =] 12» H=H I

Commutator equations corresponding to Eq. (S19):

| s lz:| = lD]I(lelzy_Ily]2x)

CA A P i ~ I A

_Hnalu 2y _Ily12x:| :_EDIIIIZ +5D1112z (S33)
_Hu’ 22J = _lDl[([lx[2} _[lyIZX)

System of two spins Y4: | .. and sz have the norm 1, flez , —flnyx has the norm 1/ V2. To
ensure that the norms of all state operators are equal, we assign
B= \/7( why =1, ZX), C= I2 , a=b= ,,/\/5, q =D, . Inserting that into Eq. (S21) gives

. 7. ~ 1
i, At I, —(1+cosD,t)

1z

(S34)

1y*2x

(ff ~I 1 )sinDHt +IA22'%(1—COSDUZ‘)

S3.3.4.2 Example 3D-7: Unegual spins under Hartmann-Hahn condition, infinite rf power

Initial state and Hamiltonian: A= 3’2, H= I:IHH.

Commutator equations corresponding to Eq. (S19):

(,,.5.] = iDs(1,8,-1,5,)
19 A8, iyﬁx] = —éD[SSZ +%Dlsfz (S35)
Ay 1| = iDy(1.8,-1,3,)

System of two spins Y4: /_ and S’Z have the norm 1, IAXSA'y —IAyS’x has the norm 1/ V2. Toen-
sure that the norms of all state operators are equal, we assign
B= \/E(IAXS’y —IAyS’X), C= I:, a=b= D,S/\/E, q = D, . Inserting that into Eq. (S21) gives

. A ca A . ,D
S —H— § -cos —’S+(1xSy—Iny)s1nD,St+Iz-s1nz#St (S36)

Examples 3D-6 and 3D-7 deal with special case of the three-dimensional situation: The sys-
tem of commutator equations (S19) contains here the case @ = b which has to be identified
with the respective coupling frequency. The time evolution of the three coefficients is plotted
in Fig. 2 of the main part.
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These propagation rules can be obtained also as sum of rules obtained for other examples:
[(S16) + (S6)]/2 — (S34) and [(S18) + (S7)]/2 — (S36).

$3.3.4.3 Example 3D-8: Cross polarization, finite rf power, possible deviation from Hartmann-
Hahn condition, considering the difference of both polarizations

The double-rotating frame used in the paper of Hartmann and Hahn (1962) is unfavorable for
the execution of this calculation, because the Hamiltonian contains time-varying terms. We
can no longer assume that these can be neglected due to their high frequency. Instead, we
work in the single rotating frame where there are no time-dependent terms in the Hamilto-
nian.

The Hamiltonian here is composed of the components belonging to the heteronuclear dipolar
interaction as well as to the interaction between the rf radiation and the spin system:
H—H, +H, +H,. BothI=1/2andS=1/2 spins are irradiated at their Larmor fre-
quency along the x direction of their rotating frames. The antiparallel initial state is assigned
as A=S —1.

Commutator equations corresponding to Eq. (S19):

:F[,X+FISX+FI,S,SAX—IAJ = ~iDy-2(1.8,-1,3.)
(A, +Hy + 0,208, =208 | =iDg($,-1,)  —2io,(1.5.+13,) (S37)
:ﬁ1x+ﬁSx+I§,S,IAZ§Z+IAyS‘J = i,(1.5,-15.)

with the abbreviation w, :=w,; — ;.

System of two spins "%: Sx - fx has the norm /2, I:S' ) .y yﬁz and I;S'z +1 yS” , have the norm
1/ \/5 . To ensure that the norms of all state operators are equal, we assign

B= 2(];3} —]AyS’Z), C= 2([;3'2 +iy$‘y), a=Dy, b=w,, q, =+ Dj,+®} . Inserting that into
Eq. (S20) gives

S\'x_]x (H[S+H1x+HSX)'t (SX_AX)‘Q)i'f'DIzSzCOSQAt
qa
7 Q 7 Q Dy .

- (1.8,-1,5.) 2" sing,t (S38)
qa

+ ( [ S. +fy5’y) : wA—Iz)‘S(l —c0sq,t)
qa

Comments:

e The CP oscillation frequency is no longer Dis as in examples 2D-5 and 3D-7 but
q, =+ Dy, + @ which increases with the difference of both rf field strengths.
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e Moreover, only the relative part Dy / g’ of the total magnetization participates in the
oscillation, i.e. the greater the deviation from the Hartmann-Hahn condition, the lower
the maximum transmitted polarization.

In contrast to the case where the rf fields are very large (see examples 0D-1 and 0D-2), the
sum of the two polarizations is no longer constant, as shown in the next example.

S3.3.4.4 Example 3D-9: Cross polarization, finite rf power, possible deviation from Hartmann-
Hahn condition, considering the sum of both polarizations

Of course, the Hamiltonian is the same as in the preceding example. The difference is again
in the initial state: 4 — S’x +I ,H=H, +H +H,.

Commutator equations corresponding to Eq. (S19):

:FI,X+I§ISX+FI,S,§X+IAJ = ~iD2(1.8,+1,5.)
A+ Hy + 0,208, +208 | =iDg (S, +1,) —4ioy(1.8.-1,8,) (839
:ﬁ,x +H, +H,, IS — AyS‘y] = 2iw, (fzﬁy +fy$‘z)

with w, := (g + o, )/2 . In system of two spins 2, S’x +thas the norm /2, IAZS’y +fy§z and

IAZS”Z -1 S’y have the norm 1/ V2. To ensure that the norms of all state operators are equal, we

A

assign B=2(18S +18.), C=2(18 -18), a=D,, b=2w . Inserting that into Eq. (S20
z-y yoz Yoy 18 ?

z z

gives
A Hy+H, +H,)t .\ 4w+ Dkcosq,t
S +1, (s 4 1) (8, +1,)- "2 T 20
99
~a o aa Dy .
- (IzSy+ } Z)-zﬁsm%t (S40)
dg
An aany 20,D
+ (IZSZ—I},S},)-#(l—cosq(bz‘)
4y
(with the abbreviation g, := Dy + 4coé ). The amplitude of this oscillation decreases if we in-

creases, see Fig. 1 (main part). This phenomenon is analogous to that which occurs during
spin-lock and decoupling, see the corresponding examples above.

S3.3.4.5 Example 3D-10: LGCP in a three-spin system of the type IS,, infinite rf power depolari-
zation of /

This problem is treated again in the double rotating frame. Observed spin: /, two coupling
spins: S1 and S2; dipolar frequencies D1 for I-S1 coupling, D> for -S> coupling; no coupling
between S1 and Sz (for example due to Lee-Goldburg irradiation).

A A

Hamiltonian and initial state: 121:];, H=H,, :—Dl(f S +1 Sly)—D2 (f §2x +1 Szy)
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Commutator equations corresponding to Eq. (S19):

A, D, (1.8, ~18,)-iDy(15,, -1 5.

(7.0,(18,-1,8,)+ 0,18, -15,) ] =5(pi+Di)L. —é(Df S, +D:S,.)
+2iD,D, 1 ( S S, + S*Iyﬁzy)

A,DS,, + D28, ~4D,D, 1.(3,8,,+5,3, )J =i(D} + D} )[Dl (15,-15.)

This system contains basis operators with a more complex structure than above. In a system
of three spins %, the norms of the basis operators are:

i s
D18, ~-15,)+D,(1.5,,~15,.) =D} +D’
D12*§1z + Dzzgzz —4D,D, jz ( A1x§2x + *§1y*§2y) = ‘/E(Dlz + Dzz)

To ensure that the norms of all state operators are equal, we assign
D(18,-15,)+D,(1.8,,-15,,)
Dl +D;

A

B—

N

A

Dlzglz + D22*§2z - 4D1D2 jz (*§1x*§2x + SlySZy)
D} +D; ’

a %—%JDIZ +D:, be—%w/Df +D;

Inserting that into Eq. (S21), we get the propagation formula as

C—

. Ht - 2D12+Djt

z z 2
D (1S, -18 )+D,(18, —1I35,.
- 1( SR 1) 2( SR )sinw/Derth
D} +D;
N D12S1 +D22S2 4D1D212(Slvs2x+Sl} 2y) . 2«/D12+D22t
Sin
D} +D; 2

This propagation formula shows the oscillatory exchange between the initial polarization and
two states which are described in a more complex way using the spin operators. The descrip-
tion of the polarization of / by initially polarized S1 and Sz is not possible by this 3D consid-

eration because S, and §,_ are not basis operators of this particular subspace.

17



S3.4Examples for the four-dimensional case

S3.4.1 Procedure as explained in the main part

The system of commutator equations

_Fl,zﬂ = ia B
_I:I,f}] =—ia- A +ib-C
- . . (S41)
a.c] = —ib- B Fia-D
A,D]| = +ia-C
gives the propagation rules in two different forms:
121 N 21 q, cosq,t + ¢, €cos g,t +é . a(Sinqlt+Sinq2t)
2w 2w
- coSq,t —cosqt) . i —q, Sl
+C- a(c0sg, ) +p- L0 N~ SN G,! (Version 1)
2w 2w
(S42)

= 4 cosWtcosg+isinWtsing +l§'£sinWtcosg
2 2w 2 w 2

~C-Lsinwt sing$l§- cosWt sing—isian‘ cosg (V.2)
w 2 ) 2

S3.4.1.1 Example 4D-1:J coupling, AB spin system

The two spins of this system have different positions in the spectrum, whereby their distance

Av:= Aa)/ ( 27r) is comparable to or smaller than the coupling constant J. The spectrometer

frequency is assumed to be set at the midpoint between the two resonances. Then the initial

state is represented by A =1 wt f2x ; the Hamiltonian is H =27/ L1, + Awalz - AwaZZ .
Commutator equations corresponding to Eq. (S41):
A N> -
_H7llx+ Zx:| - T(IU’_ Zy)
- A R A R R R o A
A, -1, | =—i=>(I,+1,)  +i2ns(20 0, -21,1,.)
- 2
(S43)
A - PO Aw( ~ » s A
A20.5, 200, = —i2nJ (1, ~1,,) - 17(211y , 200,
(A2 0 200, | = i%“’(zll L,-2I.1.)

flnyZ +flzf2y have norm 1/ V2 . To ensure that the norms of all state operators are equal, we
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a=3Aw andb=2mJ . Inserting
that into Eq. (S42), version 1, gives

PO T PO t+ t
) LN ( 1x+12x)'qzcosql bk
w
PO Ao sin gt +sing,t
+ ([ly - Zy) ) 2 ] W :
y ; , (S44)
A A A W €0sq,t —cosq,
+ 2(71,.1, -1 .
( 1z72x 1x 22) 2 W
A A ~ n i t_ i t
2(]1y122 + ]1z]2y) ) ql = q2 qu = ql

where W =27+ J* + Av* and qi.» :n(\/JZ + ?J).

Antiphase terms appear as intermediate states during the time evolution. After Fourier trans-
formation of this FID we obtain a spectrum with four resonances at the positions g, , / ( 27),
see Fig. S1. The prefactors ¢, , / W describe the sums of the relative intensities of the outer

and the inner two lines, respectively (“roof effect”); see e.g. Abragam (1962), chapter XI,
section B. In this book, positions and intensities are calculated from transition frequencies
and probabilities for the transitions between the levels.

For the case Av = 0, the Hamiltonian commutes with the initial state with the consequence
that the density operator remains constant; the Fourier transform of this is just one resonance
positioned at zero frequency.

N\

g,/ LI | q,/2W)

"

N

e A

-5 0

Fig. S1: Line quartet for two J-coupled spins of the type AB with Av = 3J. Line inten-
sities and positions are drawn in by the variables occurring in the propagation formula
(S44).
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S3.4.1.2 Example 4D-2: Nutation experiment under influence of homonuclear dipolar interac-
tion

We consider an ensemble of spin pairs /1 = 2 and /2> = > with equal resonance positions and
homonuclear dipolar interaction which are irradiated at their Larmor frequency and start par-

allel to Bo. Then we have the initial assignments A= i]z + fzz, H=H ot H -

Commutator equations corresponding to Eq. (S41):

Al + 122)} - io, (1, +1,,)
[:[a(ily"'izyﬂ :_lwl(ilz+i2z) +%iDii(2i1xi22+2ilzi2x)
B (S45)
i2(i g +i.4)] = Sy, d,) iy (20, 0420 )
_ﬁﬂ ( AlinV + ilijy ):| = - iwl (2jlzj2v + 2i1xi22)
System of spins }2: flz +f22 and fly +f2y have the norm /2, fleZZ —flszX and Alyfzx +f1xf2y

have the norm 1/ 2. To ensure that the norms of all state operators are equal, we assign
B=i +1,, =201 —20 ], D=2i i, +20 ],
into Eq. (S42), version 2, gives

,» @=w; and b=3D, . Inserting that

R H,+H,\t .. D D D
+1,, ( 1 1) ( L+ 22)- cos Wt cosﬁt+ﬁsinWt sinht
4 4w 4

I

1z

+1, ) - Lisinwr cos 3Dyt
> w 4
(S46)

L ZX) -%sinWt sin%

|
[\®)
—_—
M~
N’N)
=
+

ilxizy)‘(COSWtsin%—%si wi OS3DHtj

where W = \Jw?, +9D2 /16 .

This propagation formula describes the effect of an rf pulse with a limited power on the equi-
librium magnetization.

Comments on Equation (S46):

e [t will approximate the coupling-free nutation case for w1 > Du.
As the coupling frequency increases, so does the nutation frequency W. However, this
oscillation is modulated by half of the dipolar frequency.

e Asaconsequence, the 7 and 7/2 conditions for achieving maximum and zero y mag-
netization, respectively, are modified with respect to the coupling-free case. Similar to
Equation (S26), this results in
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. . 7/2  for maximum M
w/col,+9D,,/16-r: . (S47)

T for zero-crossimg of M|

e The propagation formula contains expressions for temporary both antiphase and dou-
ble-quantum coherences.

S3.4.1.3 Example 4D-3: Nutation under quadrupolar interaction, spin 1

We consider an ensemble of isolated / = 1 spins (for example 2H or '*N) which are exposed
to the interaction of their quadrupole moment with the electric field gradient of the electron
cloud together with an rf irradiation.

Initial state and Hamiltonian: 4 = l +1 . H=H Lt ﬂo .

Commutator equations corresponding to Eq. (S41):

A, + .1 ] - i
A, + o, | =i ] —iog (1. +1.1,)
N . N (S48)
(A, +Ho, I 1 +11,| = iy 1 +ioy (10, +1,1,)
A, + gl 0+ - ioo (10, +11)
For single spin 1, fz, I 7 fx AZ +fz Ax andf f f f have norm ~/2 . Therefore, we assign
B=1,C=I11+11, D=I11+1], a=o andb=w,. Inserting that into Eq. (S42), ver-

sion 2, gives

~o>

H +le t o Wt A Wt
( 2 1) I - cos M cos L2 4 Lo i HL G O | L -&sinﬁcos—Q

2 w 2 2 W 2 2
(S49)

Vv

A st ()N} [N
-J -ﬂsinﬁsin—Q+Jz- cos W L sin ol _ Oy W1 (s Lol
w 2 2 2 2 W 2

with W =,/4w] + @} . This is consistent with the findings of Bloom, Davis and Valic (1980)
and Vega and Luz (1987). Again, the result is that nutation takes place faster than w1, if an
interaction is present.

S3.5Example of a five-dimensional case

Here one example is shown. Again we are dealing with cross polarization, considering finite
rf power and assuming that the Hartmann-Hahn condition is satisfied: w,, = @, =: @,. The

Hamiltonian and the frame are the same as for Egs. (S38) and (S40). The difference lies in
the initial state: Here we assume that one spin is polarized and the other is not. The corre-

sponding operator is now S’x , and the Hamiltonian is as in the example 3D-8:
H=H, +H +H,.

Commutator equations:
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d=3$.
B:= 2iz Ay
i\/za)l D C:= \/E(fz
Dy E| D=205.

D, D E=1

The coefficients are chosen so that all operators have norm 1.

Step 2: The Liouvillian matrix is

0

=
Il

=D
0
0
0

Step 3: We obtain the superpropagator matrix U = exp(—iL¢) with the elements

D[S
0
V2o,
0
0

4w + Dy cos gt

1
U,=Uy;= EKCOSDISt +

2

q

0

\Ewl 0

0

\/Ea)l 0

0

0

20,

1S

0
0
0
-D
0

D[S

I({ Dy . .
vu,=-U,=-U,=U, :E(f s1nqt+stIstJ

DISa)l

U,=U, =U;=Us :7(1_005611) ; Us

1( Dgsingt
Uy,=-U,=-Uy=U,,= _(IS—

2

q

_ Dy +4w/ cosgt]
- 2

q

1 1
u,=U, =§(cosDISt+cosqt])) ; U, =U, :5(—cosDISt+cosqt])

1
j ; U15=U51=5K—COSDISI+

(S51)

4w + Dy, cos qtj

—sin Dlstj s Uy=-U,=-U, =U,

_ 2w, singt]
q

where ¢° := Dj, + 4] . From the propagator matrix we get the following propagation formula

for the initially polarized spin:

Iy

Dy . .
- (i singt +sin D¢
q

Dy . .
+ (J singt —sin Dyt
q

j2IZSy + 4

j2[ySZ + [—colest+

2

q

N H+ﬁx+]:[x't 1 4o? + D2 N .
S ( R S) E|:(COSDISI+ DT T8 S,

%(1 - cosqt)(fZS'Z -1,

4w + Dy cos gt

>

2

q

)

)i

22
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For the cross-polarization experiment, the behaviour of the initially unpolarized spin is also

of interest:

A Iy A

~>

q

q

q

(H’S t +st)'t l{[—cosD t+
2 IS

Do,

B [& sin gt — SinDlstj 2i2‘§y + 4—(1 N Cosqt)(izgz B iny)

2

Dy . . A A
- [i sin gt +sin Dlstj 21,8, + (cos Dt +

2

4o + Dy, cosqtj $
q X

2

4o + Dy, costhi }
q X

(S53)

The sum and difference of formulae (S52) and (S53) give Equations (S38) and (S40), respec-
tively, when the latter are used under Hartmann-Hahn condition.

S3.6Examples of a six-dimensional case

S3.6.1.1 Example 6D-1: CP for IS, finite rf power

This example contains the same situation as in the 5D case except that the Hartmann-Hahn

condition does not need to be satisfied:

H,4|= ~iD B A:=38,

H,B|= iD A it C +iw, D B:=2I38,

_I:I,é_ = zwlsé +ia)HE C =2iz§Z

- . . o (S54)
A,D]= i, B i E D:=2[8,

_I:[,l:?_ = —iw,, C +iw1sﬁ lDlsﬁ E:= 2Ay.§z

L F = D, F Pl

Here the second commutator deviates from the principles mentioned above: The term from
which 4 was separated was not adopted as a new basis operator in its entirety, but continued
to be used in two parts. The Liouvillian matrix is

0O D 0 0 0 0
_DIS 0 Wy~ 0 0
I 0 -y 0 0 -, O (855)
0 o, 0 0 oy O
0 0 Wy, —W 0 _DIS
0 0 0 0 D 0

IS

With the definition of the 3D section we obtain from the propagator matrix:
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$ (H1S+H1x+HSx)t $ l a)j+DIZScoqut+4a)é+Dfscosq¢t
) 2 q d
2 a4 sing,t = singyt
- IS Dy +
) q, 9y
A w w
+ 218, Dl{z—i(l—cosqﬁt)+—f(1—cosq¢t)}
94 9y (S56)
o w
+ 2]ySy-DIS{—A2(1—coqut)——?(l—cosqq,t)}
9,4 9y
A oA ing ¢ sing,t
+ 18D | = - %]
94 9y
Lok 4wy + Digcosqyt  w)+ Dy cosq,t
2 99 7

This relationship results without restrictions from the sum of Equations (S38) and (S40).

S3.6.1.2 Example 6D-2: LGCP within a trip

le of one spin / and two spins S

The problem is similar to example 3D-10

. The Hamiltonian is the same:

H= FIHHZ =-D, (ixs\'lx + in'1y ) -D, (I;SA'M + IAySA'zy ) . However in this example we want to fol-

low the evolution of the magnetizations o

f the three spins individually. Therefore we define

the corresponding operators as the first three basis operators: A= 312 , B= 3’22 and C = fz :

_HHH29S12:| =Ly S. =iDR

_HHHZ’S2z:| =Ly, S,. =iD,R,

_HHH2> z:| =Ly,I. =-iDR —iD)R,

oA ~ _ A 1 A . ~
_HHH25R1:| =Ly R, :EDl(Iz _Slz)+lD2Q
S S S i e oA oA
_HHH29R2] =Ly R, :EDz([z _S2z)+ZD1Q
SO S i

_HHHZaQ:| =LHH2Q :_Z(Dle +D1R2)

withl%a :=fx§ay —IAySA'OLY s ae{l2y; O:=

A

the norms HSA’IZH =|S f?l

2z

-Ji]=+5.

matrix

fz (SA'IXS’M + S’lySA'zy) . The six basis operators have

=[,

=1; HQH =1/2. This gives the Liouvillian
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0 0 0o -D/N2 0 0
0 0 0 o -DJ/N2 0
L © 0 o Dp/N2 D2 0
p/\2 0o -p/N2 o 0 -D/2|
0 DJ/N2 -D,/N2 0 0 -D/2
0 0 0 D,J2 D2 0

and via propagator U = exp(—i Lt) the propagation formulae

N t .o D . ,qt & D . ,qt 5 D .
I —>1. ~coszq—+Slz ~—;sm2q—+S2 -—jsmzq——R1 -—Lsingt
2 q 2 q 2 q

z

~ D, . ~ DD
— R, -—Z%singt —40Q - —2s n2d
q
tY ). qt
A ) (DZZ +D} cosqzj ~ 4DD? sin* 4 o .2 [Dj +D} cosqzjsinq2
S.—S.- . +S22-—4+IZ-—;sin2q—+Rl- ;
q q q 2 q
8D?D, cos L gin3 44 8D,D, (DZ +D] cosqtjsinqu
A 4 4.4 2 4
_RZ 3 Q 4
q q
q 2
. _ 4D}D;sin* - ( D} +D; Coszj D’ _ 8D;D, cos L sin* 4
S,. =S Z Z +1. - —-sin q——R 34 4
q q q 2 q
2D, (D +D; cosqztj smq—t 8D,D, (Dlz + Dj cos q;j sin’ at
+l’é2 ) 3 + Q 4
q q

Assuming an initial state where the two S spins are polarized and / not, we obtain by adding
the last two propagation rules:

. . X D; + D, coszq—t . D+D coszq—t
§. 48, > s 4§ 243, 2

2 q q

~ D . ~ D, . ~ DD t

+R, -—tsingt + R, - —2singt—Q - 4—>s 2 L

q q q 2

This propagation rule can be reformulated as
t
1+cos’ L .

A A A s 2q A ~ 2 ~ ~ D D th
S, +S,, =1 -sin +( T A : +(Slz—SZZ) 7 n
~ D . ~ D, . ~ DD, . t
+ R, -—Lsingt + R, -—zsmqt—Q-4%sm2q—

q q
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This rule describes an oscillatory exchange of polarization between the spins and some non-
observable states.

S3.71f possible: Decomposition of the Hamiltonian

If the total Hamiltonian consists of two parts H = H, + H, and if these parts commute with
each other and satisfy the condition[I:] 1,I-Il 2] = 0, then these parts can be considered as acting

separately.

If, in addition, both H , and H , satisfy together with 4 the relations

[[:[1;2721} =ik, él;2 and |:I:Il;2’é1;2j| =—iky, A

the propagation formula will be

A

A it—) zzlcosilt+él sin A ¢

H,t (ﬁcos%f"'él sin,11t)cos/12t + (éz cos /, +[1f12,l§1]sinﬂqt)sinﬂqt (557)

B ,Zl[cos(il +4,)t +cos (4 —/lz)t]
2| +(B,+ B, )sin (4, + 1)t +(B, = B, )sin (4 = 4,)t +| H,, B, |sin dtsin 1z

The last expression must be symmetric with respect to an exchange of spins 1 and 2. This is
also fulfilled, because [ﬁ[l,éz] = [ﬁz,él] for [}AII,}A]J =0.
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