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This proof concerns equations 24-27 of the article on the software Paramagpy [1], which describe
the cross-correlated relaxation between the Curie spin and dipole–dipole relaxation mechanisms. The
equations 24-27 follow the matrix representation of relaxation theory (equations 20-21) by Suturina et
al. [2]). It is shown below that these equations are equivalent to the equations established previously by
Ghose and Prestegard [3] and reported in slightly modified form by Bertini et al. [4]. The proof begins
with equations 24-27 of the manuscript and describes their rearrangement into the form given by Bertini
et al. [4].

For a specific example, we consider the case of a 15N-1H group, with the Curie-spin shielding tensor
σ at the site of the 1H spin located at ~r = [x, y, z] and distance r from the paramagnetic centre.

σ =
1

4πr5

(3x2 − r2) 3xy 3xz
3xy (3y2 − r2) 3yz
3xz 3yz (3z2 − r2)

 .
χxx χxy χxz

χxy χyy χyz

χxz χyz χzz

 (1)

We choose the orientation of the electron–1H vector to be aligned with the z-axis such that z → r. In
the case of an isotropic magnetic susceptibility, x = y = 0 and the χ tensor is represented by a diagonal
matrix with three identical elements χiso, yielding the following simplification

σ =
1

4πr5

−r2 0 0
0 −r2 0
0 0 2r2

 .
χiso 0 0

0 χiso 0
0 0 χiso

 (2)

= ξDSA

−r2 0 0
0 −r2 0
0 0 2r2

 (3)

where ξDSA =
χiso

4πr5
(4)

The nuclear dipole shielding tensor arising from the 15N spin can be described in the same coordinate
frame for an arbitrary orientation of the bond vector ~rHN = [x, y, z] with bond length rHN by

σN =
1

B0

µ0
4π
γN~I

[
3
~rHN ⊗ ~rTHN

r5HN

− I3
r3HN

]
(5)

σN = ξDD

(3x2 − r2HN) 3xy 3xz
3xy (3y2 − r2HN) 3yz
3xz 3yz (3z2 − r2HN)

 (6)

where ξDD =
1

B0

µ0
4π

γN~I
r5HN

(7)
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and x, y, z denote the coordinates of the 15N spin relative to the 1H spin.
The effective shielding tensor at the site of the 1H spin, when the 15N partner is in the spin-up state,

is given by the sum of the two tensors

σ↑ = σ + σN (8)

=

(3x2 − r2HN)ξDD − (r2)ξDSA (3xy)ξDD (3xz)ξDD

(3xy)ξDD (3y2 − r2HN)ξDD − (r2)ξDSA (3yz)ξDD

(3xz)ξDD (3yz)ξDD (3z2 − r2HN)ξDD + (2r2)ξDSA

 (9)

Note that this matrix is symmetric. Therefore we can ignore equation 18 of the main text and only
need to substitute matrix elements into equation 19. Expanding and simplifying (via symbolic processing
in the program Mathematica), this yields

∆(σ↑)
2 = σ2xx + σ2yy + σ2zz − σxxσyy − σxxσzz − σyyσzz

+
3

4

[
((σxy + σyx)2 + (σxz + σzx)2 + (σyz + σzy)2

]
(10)

=
(
(3x2 − r2HN)ξDD − (r2)ξDSA

)2
+
(
(3y2 − r2)ξDD − (r2)ξDSA

)2
+
(
(3z2 − r2HN)ξDD + (2r2)ξDSA

)2
−
(
(3x2 − r2HN)ξDD − (r2)ξDSA

) (
(3y2 − r2)ξDD − (r2)ξDSA

)
−
(
(3x2 − r2HN)ξDD − (r2)ξDSA

) (
(3z2 − r2HN)ξDD + (2r2)ξDSA

)
−
(
(3y2 − r2)ξDD − (r2)ξDSA

) (
(3z2 − r2HN)ξDD + (2r2)ξDSA

)
+

3

4

[
(6xyξDD)2 + (6xzξDD)2 + (6yzξDD)2

]
(11)

= 9ξ2DDr
4
HN + 9ξ2DSAr

4 − 9ξDD(r2HN − 3z2)ξDSAr
2 (12)

The angle θ between the electron-nuclear vector ~r and the nuclear bond vector ~rHN is captured by the
dot product formula

~r.~rHN = |~r||~rHN| cos θ (13)

=⇒ [0, 0, r].[x, y, z] = r.rHN cos θ (14)

=⇒ z = rHN cos θ (15)

Using equation 15 to substitute z in equation 12 yields

∆(σ↑)
2 = 9ξ2DDr

4
HN + 9ξ2DSAr

4 − 9ξDDr
2
HN(1− 3 cos2 θ)ξDSAr

2 (16)

where the first two terms account for the dipolar and Curie spin auto-relaxation terms respectively, and
the last term accounts for their cross-correlation. The R2 relaxation rate can be calculated by substitution
of ∆2 into equation 21 of the main text.

RCurie
2 (σ↑) =

1

45
ω2 [4J(0) + 3J(ω)]

(
9ξ2DDr

4
HN + 9ξ2DSAr

4 + 9ξDDr
2
HN(3 cos2 θ − 1)ξDSAr

2
)

(17)

The same derivation for σ↓ yields the same result except for a sign change in the cross term:
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RCurie
2 (σ↓) =

1

45
B2

0γ
2
H [4J(0) + 3J(ω)]

(
9ξ2DDr

4
HN + 9ξ2DSAr

4 − 9ξDDr
2
HN(3 cos2 θ − 1)ξDSAr

2
)

(18)

Taking the difference we obtain

RCurie×DD
2 = RCurie

2 (σ↑)−RCurie
2 (σ↓) (19)

=
1

45
B2

0γ
2
H

(
18ξDDr

2
HN(3 cos2 θ − 1)ξDSAr

2
)

[4J(0) + 3J(ω)] (20)

=
18

45

µ0
4π

B0γ
2
HγN~I
r3HN

χiso

4πr3
(3 cos2 θ − 1) [4J(0) + 3J(ω)] (21)

Substituting χiso and the spin of 15N as I = 1/2 yields

RCurie×DD
2 =

9

45

(µ0
4π

)2 B0γ
2
HγN~
r3HN

µ2Bg
2J(J + 1)

3kTr3
(3 cos2 θ − 1) [4J(0) + 3J(ω)] (22)

=
2

15

(µ0
4π

)2 B0γ
2
HγN~
r3HN

µ2Bg
2J(J + 1)

kTr3
(3 cos2 θ − 1)

2
[4J(0) + 3J(ω)] (23)

The differential line width can be calculated from the relaxation rate as ∆ν = RCurie×DD
2 /π and thus

this equation matches equation 7 from reference [4].
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