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Abstract.

A modified Anderson-Weiss approximation for describing double quantum (DQ) NMR experiments in systems with many
I=1/2 spins is proposed, taking inter-spin flip-flop processes into special consideration. In this way, an analytical result is
derived for multi-spin systems for the first time. It is shown that in the initial stages of DQ intensity build-up, the probability

of flip-flop processes in DQ experiments is half as large as in analogous Hahn-echo or free-induction-decay experiments.

1/2

Their influence on the experimentally observed DQ NMR signal becomes dominant at times ¢ > (9 / 2) T;” ~ 2.12T;ﬁ ,

e

where T is the effective spin-spin relaxation time measured by the Hahn echo. Calculations and a comparison with spin-

dynamics simulations of small spin systems up to 8 spins reveal a satisfactory agreement.

1 Introduction.

The seminal papers by Baum and Pines (Baum et al., 1985; Baum and Pines, 1986) started the field of Double-Quantum
(DQ), or more generally Multiple-Quantum (MQ). At the qualitative level, the idea of the method is quite simple. The
system of spins under study is continuously irradiated by a special sequence of radiofrequency (RF) pulses, which allows
one to change the relative importance of different parts of the initial Hamiltonian of spin-lattice interactions, inducing
different quantum transitions in the spin system. In other words, the irradiation pattern creates a new effective interaction
Hamiltonian that induces selective quantum transitions in the spin system. In the mentioned initial papers (Baum et al., 1985;
Baum and Pines, 1986), the method was mathematically justified for solids in which thermal motions of spins can be

neglected in comparison with the initial spatial distances between them. An additional feature of solids is the large difference

between the spin-spin and spin-lattice relaxation times T;’f << T . This allows us, at times much shorter than the spin-lattice

relaxation time 7 << T}, to neglect the influence of the so-called non-secular part of the spin-lattice interaction Hamiltonian

on the dynamics of the spins under study and to limit ourselves to considering only its secular part.

Subsequently (see, for example, Graf , 1998; Dollase et al., 2001; Saalwachter , 2002a, 2002b, 2007; Saalwachter et al.,
2003, 2006; Fechete, et al., 2002; Mordvinkin and Saalwichter, 2017, Mordvinkin et al., 2020; Vaca Chavez and
Saalwichter, 2011; Shahsavan et al., 2022, and references therein), the method was phenomenologically generalized for the

case when the relative spatial displacements of spins during the experiment cannot be considered small, but the situation is
still such that Tz‘ff << T;. Inrecent work (Brekotkin et al., 2022) it has been proven by methods of statistical physics that in

the limit A — 0 , where A is the time interval between the nearest RF pulses, the phenomenological method of accounting
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for spatial displacements of spins during the experiment gives correct results. Thus, a general relation allowing for a
quantitative account of the corresponding corrections was obtained. Relevant analytical results related to DQ NMR have
recently been obtained for model solid-state many-spin one-dimensional /= 1/2 systems in which magnetic dipole-dipole
interactions have been considered only between nearest neighbors (see Bochkin et al., 2022; Bochkin et al., 2024; Fel’dman

et al., 2022, Doronin et al., 2000 and references cited therein).

For the case of the spin system /= 1/2, the dominant interactions determining the spin relaxation are, as a rule, magnetic
dipole-dipole interactions. The secular part of the Hamiltonian has the following form (see for example Fatkullin et al., 2012;

Fatkullin et al., 2013):
Ay =Y ho, (28T -1 -1'1) =Y heo | 200 —=(17F +1707) |, (1)
a Y J J — y 2 l J 1 J
i<j

A A A A A A

‘i’ [T =1"—il’ . The parameter @, describes in frequency units the effective strength of the
dipole-dipole coupling of spins with numbers i and j. It is given by the following expression:
1 ,uO)/Zh(I—S'cos2 49,/) , (1—3cos2 49,/)
= ; =D’ : )
87 r 2

g

if

where 7, is the distance between interacting spins, 01]. is the angle between direction Z , defined as the direction along

which the external magnetic field is aligned, and the vector connecting the discussed spins, [#is the operator of the a

component of the spin with number i, # is Planck’s constant divided by 27, 4, the magnetic field constant and y is the

gyromagnetic ratio of the spins. D" = u y'h/ (47[}‘;) is the dipole-dipole coupling constant. The Hamiltonian (1) in this
paper plays the role of the original spin-lattice interaction Hamiltonian. In the lowest order of perturbation theory, it induces
in a spin system only 0-quantum transitions (dephasing processes or 0-quantum coherence) through terms proportional to

fi , and flip-flop processes proportional to i:i L+ IA;IA ; We also note that the non-secular part of the Hamiltonian of

magnetic dipole-dipole interactions inducing the processes of spin-lattice relaxation describes the processes of 1-quantum

and 2-quantum coherence. However, at the times of interest # << 7' they can be neglected.

Under irradiation of the spin system by a special RF pulse sequence referred to as Baum-Pines (BP) sequence (see details in

Baum et al., 1985; Baum and Pines, 1986), the dynamics of the spin system at times ¢ << 7| is determined not only by the

Hamiltonian (1), but also by the effects associated with the irradiation. In fact, there are two conceptually different

experiments, each consisting of two stages of equal durationz,, . The first half of both experiments is called the excitation

stage, and the second half is called the reconversion stage. At the moment of time 27, the signal of the studied spin system

is measured. Normally, a 4-step phase cycle is applied to the relative overall phase of the reconversion stage in combination
with the receiver phase to filter for either (4n+2)-quantum coherences (“DQ signal”) or 4n-quantum coherences (“reference
signal”). In the following, we use a simplified yet equivalent description of these two experiments (Saalwichter, 2014). They
essentially differ from each other by the fact that in the first case during both periods of the experiment the phase of RF
exposure does not change, and in the second experiment during the period of reconversion the phase of RF exposure changes

by 90°, which changes a sign of the of the resulting effective spin Hamiltonian, i.e. performs the time-reversal operation with
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respect to the spin variables. We will denote the measured signal in the first experiment by A4 (ZTD 0 ), and in the second

experiment by 4 (ZTDQ ) .

In solids, the joint effect of the BP sequence and the Hamiltonian (1) , in the limit A — 0, where A is time interval between
the nearest RF pulses, the spin system’s time evolution can be described in terms of an effective DQ Hamiltonian having the

following structure,

AL = 0 S (1) =10) = (0 ), ®
i<j i<j

where 49(x) is the Heaviside step function, n =0,1. The case n =0 corresponds to the first mentioned version of the DQ

experiment without phase change, i.e, to the signal 4, (21’ ), and n =1 to the second version with 90° phase shift, i.e. to

DO
the signal 4 (ZTDQ ) Note also that the Hamiltonian (3) for the case of solids is usually derived by Average Hamiltonian
Theory (see, e.g., Haeberlen, U. 1976 and Mehring M,) and can, in principle, also be obtained also via the Floquet formalism
(see, e.g., Ivanov K.L. et. al., 2021 and references cited therein).

In the lowest order of perturbation theory, or times ¢ < Tﬂ , where T ﬂ is the characteristic time of flip-flop processes created
by Hamiltonian (1), the Hamiltonian (3), in contrast to (1), induces double-quantum (DQ) transitions (or creates DQ
coherences) of interacting spins. At longer times, of course, more complex quantum transitions involving coherent behavior
of an even number of spins become essential. At a time ¢ =7, the operator (3) changes the sign, which is dynamically
equivalent to a time-reversal operation for the case when n =1.

For situations where spins are moving, expression (3) was heuristically generalized by considering the coupling constant as a
function of time. The validity of such a generalization is shown by Brekotkin et. al., 2022, by a sequential quantum-statistical
calculation showing that the terms added to the relation vanish in the limit A — 0; in addition, a general relation is obtained

that allows one to quantify the corresponding contributions to the experimentally measured signal, if necessary.

In this paper we will ignore the mentioned effect and work with an effective Hamiltonian of the form

H,()=Yha" ()(I'D -1'T"), 4)

i<j

where
(n) ”9(/4,,(, )
o ()= ()" w (1) . (5)

Here, @, (t) can be obtained from @, of egs. (1) and (3) by transition to the ordinary quantum mechanical interaction

(Dirac) representation, where the role of the zeroth-order Hamiltonian, i.e. the zero-point Hamiltonian or the dominant part
of the Hamiltonian (see also expr. (8)), is sum of the lattice Hamiltonian and the Zeeman Hamiltonian of the investigated

spins with an external magnetic field. Recall that the properties of the Heaviside step function used in eq. (5) are such that it
49(x) =0 at x<0 and H(x) =1 at x>0, which allows us to account analytically for the inverted sign of the DQ

Hamiltonian during the reconversion period in experiments when n=1.

The Hamiltonian (4) itself is already quite complex and does not allow for accurate calculations in nontrivial cases. The

standard approximation that allows one to obtain closed analytic relations is the Anderson-Weiss approximation (Anderson
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and Weiss 1953, Abraham 1981, Kimmich 1997), the second cumulant approximation in common parlance, which
completely ignores the effects of flip-flop processes. Alternatively, the Hamiltonian (4) can be rewritten in the form:

A9 (6)= X 20 ()17 - el (e) (i + 1T

i<j i<j

=S 20 (1) P _ézhw;” (T +I7)

i<j i<j

(6)

By direct calculation one can see that:
‘:f,Zhwf) (t)(IAfIAjy + IA;IA; )} = lz ha)f) (t)[f,f+f; + IA’IA:] =0, (7
i<j 2

where [* = Z i . is z-component of the total spin system.
k
This exact result allows us to modify the usual Anderson-Weiss approximation such that the effects of flip-flop processes on

the experimentally observed signals will be accounted for at least in the mean-field approximation. A detailed study of this

circumstance is the main purpose of this article.

2 Theoretical part.
2.1 General considerations.
An inevitable and important initial element of all quantum-statistical calculations of experimentally measured dynamical

quantities is the transition to the interaction representation, synonymous to the Dirac representation. This transition is

performed by dividing the full initial Hamiltonian of the system H into a sum of the zeroth-order Hamiltonian # , and the
"interaction" Hamiltonian A o
H=H,+H, . ®)
In problems of NMR spectroscopy, the lattice Hamiltonian H , and the Hamiltonian of the Zeeman interaction of the spins
under study (1;( , = hwoiz, o, being the resonance frequency), are usually included in I—AI0 =H L+ ﬁz ; all other interactions
are assumed to be included in / .. - In the DQ experiments discussed in this paper, the measured quantity is the z-component
of the total system spin /° = z I . - The existence of the identity (7) allows one to include the DQ part of the Hamiltonian

%

A ==y o ()11 +1'T) ©)

i<j
in the zeroth-order part of the Hamiltonian, thereby reformulating the transition into the Dirac representation. Only such a
procedure should be accurately described, since the initial Hamiltonian itself (3) is an effective Hamiltonian generated by the
joint action on the spin system of the secular part of the Hamiltonian of magnetic dipole-dipole interactions (1) and the

irradiation of the RF spin system by the Pines-Baum sequence.

In DQ NMR experiments described in the laboratory coordinate system and the Schrodinger representation, based upon
irradiation of the spin system of the BP sequence (or its equivalent modifications), we have an initially time-dependent

Hamiltonian:

i (t)=H,+H, +H= +I§§;’,) (1), (10)
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where H g") (t) is the Hamiltonian of the interaction of the studied spin system with the irradiation field of BP pulse

»
sequence of type n=0,1. Consequently, the evolution operator is initially a Dyson chronological, time-ordered,

exponential propagator:

IJ(DQ'")(t)=f"exp{—éj‘lfl(")(tl)dtl}. (11)

The transition into the interaction representation will be carried out in two steps. First, the following Hamiltonian plays the

role of the zeroth-order Hamiltonian as usual:

H,(1)=H, +H,. (12)
The relation (11) can then be rewritten as follows:

0 (1) =0, (1) 0 (1), (13)

where
N - i ¢ oA i A
U,(t)=Texp —;_!Hoa’tl = exp —;Hot ,

R - Il A 2
UI(DQ.W) (t):TCXp{_;J-(HZC( )(t2)+ IEP) ([2))dtz}, . (14)

0

Ty sec(n = (n "~ (DQ.n -l 7y sec N (n ~(DO,n
a3 (1) + 1) (1) = (0,7 (1)) (G5 + ) (1,)) 07 (1,)

In the limit A — 0, according to Brekotkin et. al., 2022, we have

A5 (1) + 2y (1,) "> 1y (1) = Y he” () (DT - 1T). (15)

P DO
i<j

Now we can return to the relation (6) and introduce the following notations to shorten the formulae:

a) (0)=H,) (1)+Hy) (1), (16)
where

Y (1)=>200" ()T’ (17)
and

A% (1)=-Y o (r)(i;’ij +1”ffj) . (18)

i<j
This represents the key step of our new approach, as the Hamiltonian (18) commutes with the Zeeman Hamiltonian and can

thus be absorbed in a new zero-point Hamiltonian, to be used for the transition into another interaction frame, as discussed

below.

In DQ experiments, the measured quantity is the z-component of the total magnetic moment of the resonant spins, which in

turn is proportional to the z-component of the total spin /° = Z I . . The measurement, as already noted, is carried out for a
k

time ¢ =27z . In the high-temperature approximation by spin variables, the signal with » = 0,1 for a given spin system is

4,(27,,) = ﬁ(n (0" (2¢,,) 0" (22, ))> : (19)
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where NV is the total number of spins in the system with the resonance frequency @,, f is the inverse temperature, and the

trace operation 77 () is performed over the spin variables. Due to the unitarity of the propagator one has

gren ()= (U (o) (t))i1 and the bracket <>4 denotes equilibrium averaging over all lattice variables.

Note once again that [f i H O] =0 , which allows us to rewrite the expression (19) as follows:

4 (2¢,,)= %(n (0" (20,,) 10,77 (27,,))).. - (20)

Next, we represent the propagator U I(DQ"') (¢) as:

01 0= o 2, ) )| Fo -2, ) ) an

where

i, 0=( Fow( L2 )| 12, 0 Few| L2, 0a ) )

It is worth noting that the transition reflected in expressions (21) and (22) is analogous to the transition in (13) and (14), and
represents the second step in transitioning to the interaction representation that we are ultimately interested in.

Substituting the relation (22) into (20), taking into account the identity (7), we obtain:

ho, 727 *(DQ.n
4,(27,,) = (f;—l)@r (07 (27,,) 107" (27,,))).. (23)

where

0" (1) = fexp( ng;}” (¢, )dzlj (24)

Note that in deriving relations (22) and (23), only a single asymptotically exact approximation (15) is made.

2.2 The simplest approximation.

(n)
DO.fI

If we neglect the influence of flip-flop processes, i.e., putting H (t) =0 1in the relations (21) and (22), then with respect

to the spin variables, relation (23) can be counted exactly if dynamics of the lattice variables can be treated classically.

Indeed, in this case [I:Il()g) " (t ) q (tl)] =0 and the propagator UZ(DQ'") (Z) with respect to spin variables take a

DQ,yy
relatively simple form:
U(DQ ) ( ) 0 exp(——j HI(J”Q)” (tl )dtlj = exp(—iz z(p;n) (t)]Af]Aj] , (25)
i<j

where

o (1)= [ (1), . 26)

Substituting relations (25) and (26) into formula (20), using the algebraic properties of spin operators for [=1/2, see details in
Fatkullin et al. (2012) and Fatkullin et al. (2013), we obtain the following simplest approximation for experimentally
observed DQ signals:
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A o) L [Tl 7o)

4 4

(4 (26,)-4.(25,)
I =— 2 . 2 S 27
o (70) 2( o) @7)

with
Tpo ZTDQ

(p;? = I N (tl)dtl > (pi;:c = J. @, (tl)dtl . (28)
0 Tpo

It is important to note that the derivation of relation (27) proposed in this paper, in contrast to the previous work (Fatkullin et
al., 2013) that does not use the Anderson-Weiss approximation directly. For a system of spin pairs, when i,k =1,2, our

expression (27) exactly recovers the known result:

A (225 =EL2 cos(p (1) o) 2

2.3 Effect of flip-flop transitions.

()
DO, fI

As already noted, flip-flop transitions are induced by the partial Hamiltonian H (t) given by expression (18). Their

influence on the experimentally observed signals A4 (ZTDQ) is through the Hamiltonian A () ! (t) , see relations (20)-(22),

DO, yy

which can be rewritten in the following way:

7. )=Sana 017 "

where

.t - .t
A, . it~ PP it ong,
(i) = [T exp(—;J.Hl()Q)ﬂ (,)dt, D s (T exp(—;jHéQ{/, (1, )dtlD. 31)
0

0

S . . . . . . I
The approximation considered earlier in Section 2.2 is equivalent to neglecting the dependence of operators (If 1 j ) on

time. In this section we will consider the approximation by its projection in Liouville spin space to the initial value:

P {s0b I (32)

The quantity 13,!"’” {t; 0} does not depend on spin variables, but it is a complex function of time dependent lattice variables.

Later we will see that after averaging over the lattice variables, it can be for the case of n =0 viewed as the probability that
during the time interval ¢ none of the spins in question with numbers i and j participated in the flip-flop process with other

spins.
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Consider the expansion of the value f;,"'/ ' {tz ;¢ } in a perturbation theory series with respectto H ,()"Q) P (#):

ﬁ”"'” {t;t} :1——Idr a)()(r Tr( A

—ljdrzjdq () (2) (P[50 + 0 ,2[1‘,1[ jl ) .
L w () (1))
The first-order contribution by a) (T ) in relation (33) turns out to be exactly 0:
o (D[ B+ DD PR ) =-o (PP [ DD ET + 10 ]) =
. 34
=1 ([P0 01 BB+ 10 ) =0 eh
Then relation is thus simplified:
PO (151,) = 1—-[ dr f a5 Y ol ()0 (7)= (L LAk J[{;]’Z;I’j‘} ). . (35)
kst T}"\(([“) (I]}) )

5o e ot (o) UL UL
kol3st Tr, ((1[ ) (]/) ) .

E

:?[(1+1)Zk:'(a),(k")(rz)a),,(k")(z’l)+a)ﬂ( ()0 (1))+—{1(1+1)——} o (1,)0" (7))

where Z ... implies that summation is performed with the restrictions k #1i, j .

For the case of spins /= 1/2, the last term on the right-hand side of relation (36) is exactly 0. This is expected because the

mutual flip-flop transitions between spins with numbers i and j do not change the value of the product I :’IA j’ in the considerd

case. At the same time, flip-flop transitions with other system spins are accounted for in the terms proportional to
(z' )a)( & (z,)+ a)(”) (z, )a)j(,:) (z,) , which change the value of IAI‘IA; .

Hereafter, we will assume that the motion of the lattice variables is correctly described by classical dynamics, which allows

us to neglect the explicit time ordering of the corresponding variables; the relation (35) takes the following form:

é"”’{tz;zl}=1—’(’T”)jd5jdrlz D ()0l (7)+00 ()0 (5,))+.
o , (37)

_1——I(I+l)z (( (n)(tw 1 ) ( (n)(tz’ 1)) )

where gofr”) (t,;5t)= J‘a)(t) (r)dr.

t
1

Note that in the right-hand side of (32) we have taken into account only projections of the operator (IA)IA i )ﬂ on the initial

t

spin operator IA,_’VIA ; and neglected its projections on the spin operators such as I k‘f , for cases when k =i, jor [ #i,j. By
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direct and lengthy calculations analogous to (33)-(36) one can see that in the second order of perturbation theory in a)k(,") (2') ,

their contributions on expression (37) are exactly zero.

In further calculations, we will apply the Anderson-Weiss approximation with respect to the magnitude 131_],""/ ' {tz 3t } :

P {150} = exp {—%I(I+1)Z ‘((wi") (0:1)) + (o (tz;tl))z)}. (38)

It seems appropriate to note that the approximation (32) reconstructs the formal mathematical structure of the previously

studied Hamiltonian (16) by modifying in it only the time-dependent spin-lattice interaction constant:

a8y, (00 Y 2ma ()T (39)
i<j
with
@, (1)= " (1:0)f” (1). (40)

Effects associated with the Hamiltonian (18) are now considered by the presence of a multiplier 15/ (t;O). Therefore, by

analogy with relation (27), we can immediately write down the relations for experimentally observed signals:

h ~ n ~rec
4, (2TDQ)= ,34500 Z<HCOS(¢1‘? +(-1)" @ )> ’ (41)
e\ i “
with
Tho 2tp0
or=[awyd, . ¢c= [ awa . (42)
0

Do
From the experimentally measured quantities 4, (2TDQ) and 4 (ZTDQ) one can construct the so-called normalized DQ

build up function:

14 (ZTDQ ) -4, (ZTDQ)
] —— . (43)
vo (720 2 4/(27,,)

Using the expression (41) we get:

S—
! i

Lo (7)) ==[1- @ | (44)

i 2 <H cos (ﬁz’;l)’” _ Qfom )>

i

eq

. prfl f .
2.4 Interpretation of £, {tz,t]} :

The quantity under consideration is defined by relation (32); expression (37) is its Taylor expansion in H ;Q) P (t) and (38)
is in turn similar to its Anderson-Weiss approximation. Averaging in all the indicated relations was carried out only over
spin variables. Therefore, according to formula (31) fj/""ﬂ {tz;tl} remains a function of lattice variables, i.e., it depends, in
general, on the spatial coordinates of spins at all previous time moments. It is not in itself experimentally measurable.

Experimentally measured quantities that depend on }?_/_"'” {tzgtl} , as follows from formulas (19), (43), (44), contain an
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additional averaging over the equilibrium distribution of lattice variables. In mathematical terms, the quantity 151_/,""” {tz 3t }

is a multidimensional random process, microscopically defined by the Hamiltonian of lattice variables H -

After averaging the expression (37) over the lattice variables, we obtain:

B st} = (B {i30})
=1 —@rjdrzjdrlzk: (<a)(k) (rz)w,(k") (z,)+ wfk) (rz)a)f:) (z, )> )+ .. (45)

_ 1—%1(1+1); ‘(<(‘/’5") (834, ))> (o (1t ))>)+

Using the Anderson-Weiss approximation for this relation, we obtain:

P {nsn} = exp {_%1(1 ) '(<(¢;~) () ) +((02 (i) ) )} (46)

An expression similar to eqs. (45,46) with numerical multiplier accuracy was obtained in Fatkullin et al. (2012), which
discussed the modified Anderson-Weiss approximation with respect to the Free Induction Decay (FID) signal of the proton

spin system:
})k[FID._/I (t) = exp {_-’[ dr (t - T)%Zm: ‘(<;1,ﬂ,, (f) ;1,0,, (0)>W + <1:11m (t) /],m (0)>eq )} ’ 47)

where 1:1,{1 (t)=4,(¢)-2J,(t). J, is the J-coupling constant between spins with numbers k and/ (here correcting a

misprint of the numerical coefficient before the coupling constant in Fatkullin et al, 2012) and

4,(1)

222

_rh
r, (1)

be viewed as the probability that a given pair of numbered k and [ spins will not participate in flip-flop processes over time t

(1 —3cos’ (HM (t))) with variables identical to the expression (2) of this paper. The value PMF'D"’Z (t) can

with any third spin of the system.
In terms of the present paper, J, =0, 4, (t) =2w, (t) To consider motions of the lattice variables as classical, the

expression (47) can be rewritten in the following way:

P =] Jar-0 DT (o (Do 0), (o (e 00,
ool L0 ({2 o)), (e o))

eq

(48)

The difference in the numerical coefficients 1/6 and 1/3 of the ratios (46) and (48), respectively, are noticeable. It is related
to the fact that in the first case the flip-flop processes are induced by the modified RF irradiated Hamiltonian (4) and in the
second case by the secular part of the Hamiltonian of magnetic dipole-dipole interactions (1). The indicated difference in the
numerical coefficients indicates that in the case of DQ experiments, the influence of flip-flop processes is weaker than for
FID or Hahn echo and will appear at later times. To complete the picture, it seems appropriate to quote an expression from

Fatkullin et al. (2012) for the probability that spin number & will not participate in flip-flop processes at intervals #:

10
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P (1) =exp —j dr(t-7) 1u + ) 2 (4, (r)4, (0)>f«
h

6

o {_ 1(1+1) > v<(¢,;; (1:0)) >}

3

, (49)

where the second line on the right-hand side is rewritten in terms of the variables of this paper.

From these examples, it seems to us that the value 13/'/Z {tzgtl} for the case, when n =0 can be regarded as a conditional
probability for spins with numbers i and j not to participate in flip-flop processes with other system spins during the time
interval ¢ <t <t , provided that the lattice variables changed along the phase trajectory defined by a particular set of lattice

coordinates during the specified time interval.
2.5 The case of a (quasi-)rigid lattice and Anderson-Weiss approximation.

In this case spins undergo only small oscillations in the vicinity of the equilibrium positions. Alternatively, the case also

applies to anisotropic fast-limit motions (such as in polymer networks at high temperatures), where the dipolar couplings are

replaced by quasi-static, possibly rather small residual dipolar couplings of order 3(017 / (SN ), where N is the number of

statistical segments between crosslinks (Kuhn and Griin, 1942). Also in this case, relevant oscillations around the mean value

of 3e / (5N) are rather small for relevant long timescales. In both cases, the time dependence of frequencies o, (t) in the

nﬂ(zfruy)

Hamiltonian (4) can be neglected and consequently w,” (¢)=(-1) , . Then, the signal 4 (¢) is always fully

recovered at time? = 27, . Our approximation (32) preserves this property. This follows from the relations (37) and (38),
since as is easy to see, we have for 0<7 <7 :

P {t+1,,:0} =P {z, ~1;0} (50)

ij DQ? ij DO
and therefore

)

G =g = [ (B {1, + 7,30} = B {z,, — 1,0} Jdr, =0 . (51)

ij ij ij DQ° ij
0

Note that this property is not trivial at all, since the flip-flop processes are elementary steps of spin diffusion, which is
irreversible for the signal A (21‘ po ) and reversible in time for the signal 4 (22’ DQ) . This property allows us to rewrite the
relation (44) for the rigid lattice as follows:
. 1 1 e e
7% (7,) =5[1—VZ<HCOS(¢;X . )> j (52)
N o

Using expression (42) we can rewrite the expression (52) as follows:
1 1
12 (z0) == 1=—2 ([ Teos| | | &) at, : (53)
J 0 e«

2 N 7

s

Let us now consider the following quantity

1, (27,,) = <H cos([ j a"(t) dt1])> : (54)

Decomposing the right hand side into a Taylor expansion, we obtain:

11



325 11,(27,,) {1——2]”@ dt, j dr, (& (1,)d" (1, ))Eq +J . (55)

Considering the quantities c?)ﬁu) t ) as stochastic stationary random processes whose correlation functions have symmet
g q o y p Yy ry

with respect to time reversal, we obtain:

11, (2z,,) | (1——2]00 dt, j dr, (3" (1, - )~<“‘(0)>W +]

2 . (56)
- H(1 = [ ar (25, -2 )(B (5:0) B (0:0) 0 (1)) (0)) .. j
J 0
Then we can apply a mean-field like approximation as follows:
225
H‘_ (2Z'DQ) = H(l — I dz'(2z'DQ — ‘r)<1~"_j_°"" (r;O)}?_/_U’ﬂ (O;O)a);m(z')a);))(O)>zq +... j
330 / ' : (57)

ZrDQ

0 H(l - I dz'(ZTDQ - z’)<ﬁﬁ0,ﬂ (1;0)}30,/1 (O;O)>W <w!</_0>(z-)a);°)(0)>eq +... j

By definition, see expression (32), we have }5’_/_0'/Z (0; 0) = 1. Therefore we can rewrite the expression (57) as follows:

ZrDQ

H, (2TDQ) 0 H(l - j dr(ZrDQ _T)<éiw (T;O)>ﬂ, <w!(/0)(r)wi(f0)(0)>eq e J

(58)

ZTDQ

- H(l - j dr(2z,, -7) P’ (1;0)<a);0)(r)a);0)(0)>6q .. j

Remembering that we started with the approximation of the product of cosines, see relation (54), and remembering that for a

rigid lattice a)(o) (t) y;, it is natural to use the following approximation for the original relation (53):

2r

335 I (TDQ) ZHCOS \/2(0/ J.( a’r(2rDQ —r)B/M (z;0) {]. (59)

0

Using the approximation (46) for the value f;“’" (7;0), after a number of steps expression (59) is transformed to the form:

I,ng(fpg) 2(1——21_[005( )j, (60)
with

(61)
e P a0, ) e, )

340 Expression (60) has the following asymptotic values:

12



345

350

355

360

—szrz for 0 Q ocT;ff

Do i
17 (7)) = : (62)

for 7.0 Q'T”

DO ij 2

For cases in which the spatial displacements of spins during DQ experiments cannot be neglected, the Anderson-Weiss

approximation is usually used. With respect to our expression (44), it leads to the following formula:

[ ool izfereay) |
nDQ(TDQ)ZE e 1 j 2
Seol e o) |

J

(63)

If all spins have an equivalent environment, then the expression is simplified:

Lpo (TDQ) = %[1 —exp {—Z(<¢;O)s€x¢[§0)swc >eq + <¢i(_1),ax(/~)i(jl),m- >gq )}] . (64)
J

2.6 Estimation of characteristic flip-flop transition times in DQ experiments.

As noted at the beginning of Section 2.4, the new expressions for the DQ signals (41) differ significantly from the simplified

7 where 7’

o no 18 the characteristic time of the flip-flop processes

one, eq. (27), only at sufficiently large times t>7
determined by the value Ii"’ﬂ {t; O} , see expression (38). Now we will try to express this time through the effective spin-spin

relaxation time T;’f , defined by the relation g™ (T;” ) =¢', where g (t) is the FID or Hahn echo signal governed by

dipolar dephasing and an approximately Gaussian initial decay. To do this, let us begin by analyzing the modified Anderson-

FID
t
Weiss approximation for g ( ) obtained in Fatkullin et al. (2012) and written in terms of the notation of this paper:

¢ (1) = exp{-zz(z ) 1)%; 'jdr(t ) o, () o, (0)), P (T)} | (65)

Since we are interested in relatively short times in the relation (64), we can set PHF'D'” (z’) =1, which, combined with the

assumption that all spins have the same environment, allows us to convert it to the form

g™ (1) =exp {—%1(1 + 1)2 ' (<(¢:10) (;;o))2>w )} (66)

If we apply the Anderson-Weiss approximation to expression (45), we obtain

P {150} = exp {‘é’(m)g ({(e 1)) {6 (0 >w)}
= exp {-%1(1 +1) Z (<((p() (1:0)) > )}

) (67)
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365

370

375

380

385

390

where we put, that Z <((o(k) (t;O))2>
k

Z '<((ofk") (t;O))Z> . Note that by virtue of the last approximation the values
eq

k

eq

B]_O"ﬂ {t; O} and PkHD’ﬂ (t) are equal for n =0.
Let us now consider the case of the DQ experiment, n =0, i.e., no time reversal operation with respect to spin variables is
performed at time 7 =7 ,,,. We see that the expressions for g™ (t) and R,/M {t; 0} are similar. Now we can determine the

corresponding characteristic times by means of the relations:

[ a
gFID (z) = exp —( T j
2

t a
Pyﬂﬂ {I;O} = exXp _[TDQ’-/IJ

i

; (68)

where 1 < <2 is the system-dependent exponent. In solids « =2 , in high molecular polymer melts, 1.25 < a <1.75,
(see, for example Kimmich and Fatkullin, 2017; Rossler et al., 2013; Fatkullin et al., 2015), for low molecular liquids
a =1( see, for example Mehring 1983; Abragam 1961). From the relations (66), (67) and (68) we deduce the following

relation between the discussed characteristic times:

9 e
oY) )
2

We see that the numerical coefficient linking the two characteristic times is quite large, even with the largest possible value

9 1/2 ’
of the exponent o« =2 : Y;DQ'” = (—j T;” ~ 2.12T;‘/f . (70)
' 2

9 1/2 ‘
The latter suggests considering the time (—j T;‘” ~ 2.12T;” as a lower bound, starting from which the influence of flip-
2

flop processes becomes dominant. The duration of the DQ experiment is equal to 27, , so the influence of intermolecular

9 1/2 .
flip-flop processes on the experimentally measured signal can be neglected at times 7,,, < (gj Tzezf ~ 1.06]—;5/7 '

3 Discussion.
Relations (41)-(44) are the main general results of this paper. They have a formal mathematical structure with a more

simpliried approachn, S€€ re ation , comj ete neglectin 1p-110pS durin experiments. € airrerence 1S
implified approach lation (27), completely neglecting flip-flops during DQ NMR experi The diff i

ZT”Q ZT”Q
hidden in the values ¢)I_(/") = a);") (¢,)dt, in expression (27) and (ﬁf) = I c?)f) (tl )dt,, with 67);") (t) = if/_""ﬂ (t;O)a)if") (t) ,
0

0

in the expressions (41)-(44). As we can see, the influence of flip-flop processes was taken into account by multiplying the
frequencies a);") (’1) by the values 15,_1_”'/1 (t;O), defined by the approximation (32). As it was argued in Section 2.4, this

quantity is closely related to the probabilities of spins with numbers i and j during the time interval ¢ to not participate in flip-

flop processes with any other spin of the system. This quantity is a complex function of the lattice variables. However, after

averaging over the lattice variables P {1, } = <é” {f22t1}> = < P {1, —t1;0}> , see relation (45), it provides the

eq eq

probability that the spins with numbers 7 and j have their initial time-zero mutual orientation at the time ¢, —¢, . For times

14
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400
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410

415

420

425

shorter than the characteristic flip-flop transition time

t,—t | [l 77", this means that the discussed spins did not undergo

flip-flop transitions with any other spins in the system. For the case of a (quasi-)rigid lattice, our approach allows us to
obtain the reversibility of the DQ-experiment in time for the case n = 1, see expressions (50) and (51) and after using an
Anderson-Weiss-type approximation for the transition from expression (58) to (59). Experimentally measurable normalized

build-up functions have a rather simple mathematical structure as represented by expression (60).

3.1 Numerical results and comparison with spin dynamics simulations

We now turn to comparing the results of Section 2.5, specifically the quasi-static approximation, to results of spin dynamics
simulations based upon solving the Liouville-von-Neumann equation in small time steps for finite few-spin systems for the
explicit BP pulse sequence (as well as simple FIDs after a 90° pulse), always assuming & pulses. For time efficiency, we did
not simulate the two different BP experiments with variable reconversion phase, but using a fixed 90° phase shift and
filtering the density matrix for DQ coherences after the excitation block, thus calculating directly the DQ build-up curve. We
used an earlier home-written code (Saalwéchter and Fischbach, 2002) that is not optimized (no sparse-matrix algebra is
implemented), which means that simulations are limited to 8 spins due to the large dimension (up to 2%) of the density matrix
and the operators/propagators. We implemented the analytical solution, expressions (60,61), on the basis of the very same
code, using the same core routines handling the dipolar interaction tensors and the same input files with spin system
parameters.

As to spin systems, we aimed at mimicking a simple main-chain protonated polymer, where the chain motions provide a
fast-limit average of all conformations between two crosslinks or entanglements. This provides uniaxial averaging of all
intra-chain dipolar tensors, resulting in residual coupling tensors that are all colinear (being parallel to the end-to-end
distance of the chain) and reduced in magnitude by a factor of about 100 compared to the static limit (Saalwéchter, 2007). A
physically realistic model would have to be based on a trajectory of a molecular dynamics simulation. For simplicity, we
chose to simulate cut-outs of all-trans alkane structures (CH»), using canonical CH and CC distances of 0.109 and 0.154 nm,
respectively, assuming tetrahedral symmetry, see the inset of Figure 1a. This model provides rug = 0.178 nm and thus an
intra-CH, static-limit coupling constant of D"/21t = 24 Hz, see equation (2). We always detect (or calculate for) the central
protons. Uniaxial averaging is implemented by symmetric three-site jumps mimicking fast rigid-body rotation (leading to a
scaling of the HH dipolar couplings by —0.5 when the HH bond is perpendicular to the rotation axis), providing a situation
with all-colinear dipolar tensors. To reach residual couplings corresponding to those of polymer melts, a scaling factor of
0.01 was applied to all couplings, leading to a dominant intra-CH, residual dipolar coupling constant D,."1/2m = 122 Hz.
Another set of simulations considered a propyl fragment in g+g+ conformation (locating two outer protons in the CCC
plane) with up to two additional protons located at van-der-Waals distance above either of the two central protons (with a
remote coupling of Dun/2nt =9 kHz). Powder averaging was performed over only 40 angles of B between the main axis of
the averaged tensor and the magnetic field (as we simulate in the time domain, convergence was reached within the

discussed limited time intervals).

15



430

435

440

( ) = CH, A propyl 20° (b)
a = propylz v butyl20° []
06- 06- N
Ll Rt Y 4 2 N\
_ 051 - 05 Y e wotr
7 a G R it = -
3 0.4+ ‘:l 3044 4
c c v
£ by = — __| :
o3 2023 ——CcCH, pentyl 2:1
E % £ ~ — propylz - - - -hexyl 20
5024 % so2f 4 [ propyl 29" - - - -heptyl 20°
f — - — butyl 20
014 = 0.14
W
¥ detect
0.0 T r 0.0 T T T
0 5 10 15 20 0 5 10 15 20

DQ evolution time tpg / ms DQ evolution time tp, / ms

Figure 1. '"H DQ build-up curves of all-trans alkyl cut-outs rotating about the molecular long axis (z) or about an axis

inclined by 20° (a) from spin-dynamics simulations and (b) analytically calculated from expressions (60,61).

Simulation results of DQ build-up curves are compared in Figure la for a CH, group (for which simulation and analytical
prediction are identical) and for rotating alkyl cut-outs starting with propyl (6 protons). For rotation around the all-trans (z)
axis, the secondary couplings of the central CH, protons to the ones on the side are very small after uniaxial z-averaging, due
to angles between the HH vectors and the z axis being close to the magic angle. This is obvious from the very small
difference of the CH; and the “propyl z* responses. To mimic a more complex spin system with a larger spread of couplings,
we inclined the rotation axis by 20°, rending the couplings of the central CH, group to the ones on the different sides
different. As a result, the coherent oscillations are significantly damped. Adding more CH, groups (with butyl being the

largest feasible spin system for the simulations) damps the oscillations even more, leading to a build-up curve that reaches

the expected plateau at Ing = 0.5 from below.
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Figure 2. '"H DQ build-up curves of alkyl cut-outs, comparing spin dynamics simulation results and analytical calculations,
(a) in all-trans conformation rotating about an axis inclined by 20° (all couplings scaled by 0.01, see Figure 1) and (b) propyl
(6 spins) in static g*g* conformation (all couplings scaled by 0.005), with up to two additional remote protons located at van-

der-Waals distance above either of the two central CH; protons (Dun/2m = 9 kHz). Simulated FID signals are also shown to

indicate T»°'.

The analytical results shown in Figure 1b, for the first time possible for systems beyond a spin pair, mimic these trends

surprisingly well. Notably, the changes in the build-up curves upon adding more CH, groups, which is easily possible in the
16
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analytical calculations, does not change the result significantly. For a more quantitative comparison, we directly compare in
Figure 2a the simulations and analytical calculations for the propyl 20° and butyl 20° cases. While the agreement between
the former pair is very satisfactory, large deviations are observed in the latter case. This may well be due to the finite spin
system and specificities related to the all-colinear dipolar tensors. In Figure 2 we also plot simulated FIDs, which can be

eff

used to extract the 75*. Up to 7, = T;ff , simulated and analytical results match within 15%. To explore the effect of the

all-tensor colinearity in these calculations, we add in Figure 2b simulations and calculations for a static 3D spin system (with
a dipolar scaling factor of 0.005 to arrive at a similar coupling magnitude as before), in this case of propyl fragment in g+g+
conformation, optionally adding two remote protons. It is observed that the agreement between simulations and analytical

solutions within 7>¢f

is generally even better, confirming the hypothesis that a three-dimensional distribution of variable
coupling tensors is maybe a better basis for the application of the AW approximation inherent to expression (67).

Thus, for cases when we have a large scatter in the coupling constants for different spins, this result, in our opinion, can be
considered as quite satisfactory. The improvement of the result requires a more detailed treatment of flip-flop processes
between different spins than we have done in the transition from the relation (45) to the relation (46), which does not take

into account the returns of spin polarization during spin diffusion to the initial spin, which will lead to a slower decay of the
function (46) at times 7,, > T;‘” . Also at the discussed times it will become necessary to improve the approximation (32) due

to the simultaneous exchange of two different pairs of spins by their mutual spin polarizations, see the remark after formula
(37). It may also be important to further develop the ideas presented by Bochkin et al. (2022), Bochkin et al. (2024) and
Fel’dman et al. (2022).

As a final note, a more detailed assessment, using more realistic and much larger spin systems, was beyond the scope of the
present work. With larger spin systems as well as more current simulation software and increased computing power, the
agreement between simulations and theory on the one hand and experimental results on the other hand is of course expected

= T;ﬂ , will need to be improved by

to be even better. Here, we note that our analytical approximation, so far valid up toz,,

consideration of higher-order corrections. On the other hand, our simplistic approach to setting up the spin systems is not
expected to provide any better agreement as along as the local conformational dynamics and also intermolecular couplings
are not realistically considered. This will require the combination of spin dynamics simulations with (in the simplest case)

pre-averaged interaction tensors extracted from trajectories of atomistic molecular-dynamics simulations.
4 Conclusions.

The mathematical identity (7) allows us to reformulate the derivation of experimentally measured signals in DQ NMR
experiments in such a way that taking into account the effects of inter-spin flip-flop processes is natural and simple. In this
way, it was possible for the first time to provide an analytical calculation of DQ build-up curves in multi-spin systems. From
a formal point of view, it all comes down to redefining the phases of mutual rotations of spins induced by the DQ
Hamiltonian (4), c.f. the relations (27) and (41), (44). The influence of flip-flop transitions translates into phases that are

linearly dependent on the conditional probabilities f’ﬂ (t) that the corresponding pair of spins did not participate in flip-

flops with any other spin of the system during the time interval ¢, see expressions (40) and (42). The structure of the DQ
Hamiltonian (4) itself is such that the inherent flip-flop probabilities are twice smaller than those induced by the secular part
of the dipole-dipole interaction Hamiltonian (1). The latter allows us to neglect the effects of flip-flop processes in DQ
experiments and use the simplified description given by the relations (27) on sufficiently long timescales in units of the

eff

effective spin-spin relaxation time ¢ < 2.127," . A comparison of the predictions with spin dynamics simulations of simple,
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small spin systems of different sizes provided a promising, near-quantitative agreement for 7, < 1.O6T2“"f , yet the origin of

DO

existing deviations for longer times requires further work.
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