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Abstract.

A modified Anderson-Weiss approximation for describing double quantum (DQ) NMR experiments in systems with many
| = 1/2 spins is proposed, taking inter-spin flip-flop processes into special consideration. In this way, an analytical result is
derived for multi-spin systems for the first time. It is shown that in the initial stages of DQ intensity build-up, the probability

of flip-flop processes in DQ experiments is half as large as in analogous Hahn-echo or free-induction-decay experiments.

1/2

Their influence on the experimentally observed DQ NMR signal becomes dominant at times t > (9/2)" T" ~2.12T" ,

where T;“ is the effective spin-spin relaxation time measured by the Hahn echo. Calculations and a comparison with spin-

dynamics simulations of small spin systems up to 8 spins reveal a satisfactory agreement.

1 Introduction.

The seminal papers by Baum and Pines (Baum et al., 1985; Baum and Pines, 1986) started the field of Double-Quantum
(DQ), or more generally Multiple-Quantum (MQ). At the qualitative level, the idea of the method is quite simple. The
system of spins under study is continuously irradiated by special sequences of radiofrequency (RF) pulses, which allows one
to change the relative importance of different parts of the initial Hamiltonian of spin-lattice interactions, inducing different
quantum transitions in the spin system. In other words, irradiation creates a new effective interaction Hamiltonian that
induces more selective quantum transitions in the spin system than the original one. In the mentioned initial papers (Baum et
al., 1985; Baum and Pines, 1986) the method was mathematically justified for solids, in which thermal motions of spins can

be neglected in comparison with the initial spatial distances between them. An additional feature of solids is the large

difference between the spin-spin and spin-lattice relaxation times T;" < T,. This allows us, at times much shorter than the
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spin-lattice relaxation time t < T , to neglect the influence of the so-called non-secular part of the spin-lattice interaction

Hamiltonian on the dynamics of the spins under study and to limit ourselves to considering only its secular part.

Subsequently (see, for example, Graf , 1998; Dollase et al., 2001; Saalwéchter , 2002a, 2002b, 2007; Saalwéchter et al.,
2003, 2006; Fechete, et al., 2002; Mordvinkin and Saalwéchter, 2017; Mordvinkin et al., 2020; Vaca Chavez and
Saalwéchter, 2011; Shahsavan et al., 2022, and references therein), the method was phenomenologically generalized for the

case when the relative spatial displacements of spins during the experiment cannot be considered small, but the situation is
such that T;ﬁ < T,. Inrecent work (Brekotkin et al., 2022) it has been proven by methods of statistical physics that in the

limit A — 0, where A is the time interval between the nearest RF pulses, the phenomenological method of accounting for
spatial displacements of spins during the experiment gives correct results and the general relation allowing for quantitative
accounting of the corresponding corrections in case of necessity is obtained. . Interesting analytical results related to DQ
NMR have recently been obtained for model solid-state many-spin one-dimensional 1=1/2 systems in which magnetic
dipole-dipole interactions have been considered only between nearest neighbors (see Bochkin et al., 2022; Bochkin et al.,
2024; Fel’dman et al., 2022, and the literature cited therein).

For the case of the spin system | = 1/2, the dominant interactions determining the spin relaxation are, as a rule, magnetic
dipole-dipole interactions. The secular part of the Hamiltonian has the following form (see for example refs. Fatkullin et al.,
2012; Fatkullin et al., 2013):

A A A A A Aa NN a o~

H:C:Zha’ij(zhzljz_Iixljx_liyliy): ha)ij(Zlizljz——( ) j+|i|;)), (1)
i<j i<j

where 17 = 1" +il’, 1" =

X X
k k

ifky . The parameter @, describes in frequency units the effective strength of the
dipole-dipole coupling of spins with numbers i and j. It is given by the following expression:

‘h(1-3cos® 0. (1-3cos’ 6
a)” zéﬂoy ( r"?’ Cos I]) — DIJ ( CZOS 'J) ’ (2)

ij

where r; is the distance between interacting spins, 49”. is the angle between direction Z , defined as the direction along
which the external magnetic field is aligned, and the vector connecting the discussed spins, [#is the operator of the a
component of the spin with number i, # is Planck’s constant divided by 27z, x, the magnetic field constant and y is the
gyromagnetic ratio of the spins. D' = yg;/zh/(47zrj) is the dipole-dipole coupling constant. The Hamiltonian (1) in this
paper plays the role of the original spin-Ilattice interaction Hamiltonian. In the lowest order of perturbation theory, it induces

in a spin system 0-quantum transitions (dephasing processes or 0-quantum coherence) by terms proportional to fiz sz , 1-

2
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quantum transitions (transitions with a flip of one of a pair of interacting spins or 1-quantum coherence) and 2-quantum

transitions (coordinated transitions of two spins or 2-quntum coherence) by terms proportional I? fjx + fiy ij :

Under irradiation of the spin system by a special RF pulse sequence referred to as Baum-Pines (BP) sequence (see details in
Baum et al., 1985; Baum and Pines, 1986), the dynamics of the spin system at times t « T, is determined not only by the
Hamiltonian (1), but also by the effects associated with the irradiation. In fact, there are two conceptually different

experiments, each consisting of two stages of equal time durationz_, . The first half of both experiments is called the

excitation stage, and the second half is called the reconversion stage. At the moment of time 27 the signal of the studied

spin system is measured. Normally, a 4-step phase cycle is applied to the relative overall phase of the reconversion stage in
combination with the receiver phase to filter for either (4n+2)-quantum coherences (“DQ signal”) or 4n-quantum coherences
(“reference signal”). In the following, we use a simplified yet equivalent description of these two experiments (Saalwachter,
2014). They essentially differ from each other by the fact that in the first case during both periods of the experiment the
phase of RF exposure does not change, and in the second experiment during the period of reconversion the phase of RF
exposure changes by 90°, which changes a sign of the of the resulting effective spin Hamiltonian, i.e. performs the time-

reversal operation with respect to the spin variables. We will denote the measured signal in the first experiment by

A, (2r,, ). and in the second experiment by A (2z,,).

In solids, the joint effect of mentioned factors, in the limit A — 0, where A is time interval between the nearest RF pulses, it
is possible to describe the spin system’s time evolution in terms of an effective DQ Hamiltonian having the following
structure:
A2 = ()" Sha, (P17 -0 ) = ()™= S22 (07 40070, 3)
DQ — ij i [ - 2 LI | LI
i<j <]
where 49(x)is the Heaviside step function, n=0,1. Note, that n =0 corresponds to the first mentioned version of DQ

experiment no phase change and n =1 to the second version 90° phase shift.

*

The Hamiltonian (3), in contrast to (1), induces in the lowest order of perturbation theory, or times t < T_, where Tff is the

fl !
characteristic time of flip-flop processes created by Hamiltonian (1), only DQ transitions (or creates DQ coherences) of

interacting spins. At longer times, of course more complex quantum transitions involving coherent behavior of even spins

become essential. At time moment t =z, the operator (3) changes time for the case, when n =1.
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For situations where spins are moving, expression (3) was heuristically generalized by considering the coupling constant as a
function of time.  The validity of such a generalization is shown in ref. (Brekotkin et. al., 2022) by a sequential quantum-
statistical calculation showing that the terms added to the relation vanish in the limit A — O; in addition, a general relation
is obtained that allows one to quantify the corresponding contributions to the experimentally measured signal, if necessary.

In this paper we will ignore the mentioned effect and work with an effective Hamiltonian of mutual action of the form:

H, (0= ()" Yha ()01 - 1T), @
where
o (1) = (1) @, (1) . ®)

Here, o (t) can be obtained from w_of (1) and (3) by transition to the ordinary quantum mechanical interaction (Dirac)
ij 1

representation, where the role of the zero Hamiltonian is sum of the lattice Hamiltonian and the Hamiltonian of Zeeman

interaction of investigated spins with an external magnetic field. Recall that the properties of the Heaviside step function
used in eq. (5) are such that it #(x)=0 at x<0 and #(x)=1 at x>0, which allows us to account analytically for the

inverted sign of the DQ Hamiltonian during the reconversion period in experiments when n=1.

The Hamiltonian (4) itself is already quite complex and does not allow for accurate calculations in nontrivial cases. The
standard approximation that allows one to obtain closed analytic relations is the Anderson-Weiss approximation, the second
cumulant approximation in common parlance, which completely ignores the effects of flip-flop processes. Meanwhile, the
Hamiltonian (4) can be rewritten in the form:

i<j i<j

1 o (6)
:Zzhwij”)(t)mj—EZhwg”)(t)(li*|;+|;|;)
i<j i<j
By direct calculation one can see that:
~ ~ A Ao~ 1 A AAAA
{IZ;Zha)if”)(t)(liyljy+Iixljx)}:EZhw;")(t)[lz;Ii*lj+Iilj*]=0, (7)
i<j <]

where I* = Z f: is z-component of the total spin system.
k



110

115

120

125

130

135

https://doi.org/10.5194/mr-2024-15 MAGNETIC
Preprint. Discussion started: 19 September 2024 RESONANCE

(© Author(s) 2024. CC BY 4.0 License.

Discussions

This exact result allows us to modify the usual Anderson-Weiss approximation so that the effects of flip-flop processes will
be accounted for on the experimentally observed signals at least in the mean-field approximation. A detailed study of this

circumstance is the main purpose of this article.

2 Theoretical part.
2.1 General consideration.
An inevitable and important initial element of all quantum-statistical calculations of experimentally measured dynamical

quantities is the transition to the interaction representation or, which is synonymous, to the Dirac representation. This

transition is performed by dividing the full initial Hamiltonian of the system H into a sum of the "zero" Hamiltonian I—A|0

and the "interaction" Hamiltonian I—A|im :

H=H,+H,, . ®)
In problems of NMR spectroscopy, the lattice Hamiltonian I—A|L and the Hamiltonian of the Zeeman interaction of the spins
under study ( I-A|Z = ha, fz, o, being the resonance frequency), are usually included in I-]O = I-A|L + I-A|Z ; all other interactions
are assumed to be included in HAim . In the DQ experiments discussed in this paper, the measured quantity is the z-

component of the total system spin I* = Z f: . The existence of the identity (7) allows one to include the DQ part of the
k

Hamiltonian

Hoy = -2 hal” () (1 +1707) 9)
i<j

in the zero part of the Hamiltonian, thereby reformulating the transition into the Dirac representation. Only such a procedure

should be accurately described, since the initial Hamiltonian itself (3) is an effective Hamiltonian generated by the joint

action on the spin system of the secular part of the Hamiltonian of magnetic dipole-dipole interactions (1) and the irradiation

of the RF spin system by the Pines-Baum sequence.

In the laboratory coordinate system and Schrodinger representation in the DQ resonance experiments due to the irradiation

of the spin system of the BP sequence, or its equivalent modifications, we have an initially time-dependent Hamiltonian:



140

145

150

155

https://doi.org/10.5194/mr-2024-15
Preprint. Discussion started: 19 September 2024
(© Author(s) 2024. CC BY 4.0 License.

HO () =H, +H, + A +HY (1),

MAGNETIC
RESONANCE

Discussions

(10)

where ﬁ;? (t)is the Hamiltonian of the interaction of the studied spin system with the irradiation field of BP pulse

sequence of type n =0,1. Consequently, the evolution operator is initially a Dyson chronological, time- ordered, exponent:

U (1) :fexp{—éj. H (tl)dtl} .
0

(11)

The transition to the interaction representation will be carried out in two steps. At the first stage the role of the zero

Hamiltonian is played as usual the following Hamiltonian:
H,(t)=H +H,.

After that the relation (11) can be rewritten as follows:
GC (6) =0, (0 (1),

where

U, (t)= Texp{—;j }:exp{—%ﬁot},
LijQ‘")(t):fexp{—;I( Ao () + A (1)) dt }
A0 (£ )+ A (4, )= (07 (1)) (Az + AL (t,))3"(t,)

In the limit A — 0, according to ref. (Brekotkin et. al., 2022) , we have

A0 (1) AL (1) == A (1) = Dol (1) (1017 = 117)).

i<j

Now we can return to the relation (6) and introduce the following notations to shorten the formulas:

HO () =R ()+AY, (1),

where
AL, (1) =X 2n0f” (01
i<i
and
HeY (1) == na” () (11 +17T7)

i<j

(12)

(13)

(14)

(15)

(16)

a7

(18)
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In DQ experiments, the measured quantity is the z-component of the total magnetic moment of the resonant spins, which in

turn is proportional to the z-component of the total spin 1" = Z sz . The measurement, as already noted, is carried out for a
k

time t =27z, . In the high-temperature approximation by spin variables, the signal with n = 0,1 for a given spin system is

Pha, ~2 % (0g.n) )
Al(2 —(Tr (1'U 2 |1'U 2 , 19
n( TDQ) (2|+1) < r( ( TDQ) ( TDQ))>eq (19)

where N_ is the total number of spins in the system with the resonance frequency o, , S is the inverse temperature, and the

trace operation Tr (...) is performed over the spin variables, and due to the unitarity of the propagator one has

U (1) = (U e (t)) and bracket {...)_ denotes equilibrium averaging over all lattice variables.

Note once again that [ I,; H,] =0 , which allows to rewrite the expression (19) as follows:

A (2 ) = e e (100 (20, )P0 21,), @

Next, we represent the propagator U °*" (t) as:

G (1) = (f exp(—;j HY () dt, D[T exp( - j A (1), D (1)

where

A (1)= (fexp( jHDQﬂ(t)dtD ALY (t)(Texp( IHDQﬂ(t)dt]j (22)

It is worth noting that the transition reflected in expressions (21) and (22) is analogous to the transition in (13) and (14), and
represents the second step in transitioning to the representation of interaction that interests us.
Substituting the relation (22) into (20), taking into account the identity (7), we obtain:

A (ZTDQ) (27h—1)<Tr (szjz(DQ’") (ZrDQ ) RV (ZTDQ ))>eq , (23)

where

Ul (t) = Texp(——JHDny(t )dt] (24)

Note that in deriving relations (22) and (23), only a single asymptotically exact approximation (15) is made.
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2.2 The simplest approximation.

HO!

If we neglect the influence of flip-flop processes, i.e., put H ', (t) =0 in the relations (21) and (22), then with respect to

the spin variables, the relation (23) can be counted exactly, if dynamics of the lattice variables can be treated classically.

Indeed, in this case [HDQW(t YA (4, ):| 0 and the propagator U{™" (t) with respect to spin variables take a

DQ vy

relatively simple form:

ljz(DQ’“)(t):exp(—%_(i;I-:IDQw(t)dt}—exp(—lz&o (1) fl”j, (25)

i<j

where

o (1) = jwﬁ”) (t)dt, . (26)

Substituting relations (25) and (26) into formula (20), using the algebraic properties of spin operators for 1=1/2, see details in
(Fatkullin et al., 2012; Fatkullin et al., 2013), we obtain the following simplest approximation for experimentally observed
DQ signals:

A" (27, ) = pho, Z<HC°S(% Dl )>

Al(ZTDQ)—AD(ZrDQ)
e T | 0

==|1-
TR
with
pQ ZTDQ
¢)iT<X = I @, (tl)dtl ) ¢iLec = I @, (tl)dtl : (28)
0 ™DQ

It is important to note that the derivation of relation (27) proposed in this paper, in contrast to the previous work (Fatkullin et
al., 2013) that does not use the Anderson-Weiss approximation directly. For a system of spin pairs, when i,k =1,2, our

expression (27) exactly recovers the known result:

A (200 ) = 2522 (cos g (1) o)) @

2.3 Flip-flop transitions effect.
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Flip-flop transitions, as already noted, are induced by the partial Hamiltonian H ™ (t) determined by the expression (18).

DQ, fl

Their influence on the experimentally observed signals A (ZTDQ) is through the Hamiltonian Hégw (t) , see relations

200 (20)-(22), which can be rewritten in the following way:

A, ()= 20 () (1717)" "

i<j

where
(i) = (Texp(——fHDQ L(t)dt, D NK (Texp(——jHDQ L(t)dt, D (31)

205 The approximation considered earlier in Section 2.b is equivalent to neglecting the dependence of operators (fiy ij ):I on

time. In this section we will consider the approximation by its projection in Liouville spin space to the initial value:

=p"' "L o}| 1Y (32)

n, fl

210 The quantity I5J {t; 0} does not depend on spin variables, but it is a complex function of time dependent lattice variables.

Later we will see that after averaging over the lattice variables, it can be for the case of n =0 viewed as the probability that
during the time interval t none of the spins in question with numbers i and j participated in the flip-flop process with another
spins.

an

215  Consider the expansion of the value P, {tz,t } in a perturbation theory series with respect to HDQ L (6):

SRR P L

(33)

1r % o J, ; L |
-—\d d
4:]: 2'2:.: rlk‘m (T )ws‘ (T) TE((IAly)z(IAJy)z) +
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Then relation is thus simplified:

B (1) =1-= [ dz erw (e.) ot 1)TrS(I:IAIyIAJy;A:AIAIXJI:I::IAZ;IA'YIA[I)Jr
I I (1) (7))

The standard commutator and trace calculations on the right-hand side lead to the following result:

RN N S
2T ) |

=§I(I+l)zk:'(a)i(k”)(r (r)+a) (z, )a) (rl))+§{l(l+l)——} (r a) (r)

where Z ... means, that summation is performed with restrictions k =1, j .

MAGNETIC
RESONANCE

Discussions

to be exactly O:

(34)

(35)

(36)

For the case of spins | = 1/2, the last term in the right-hand side of relation (36) is exactly 0. This is expected because the

mutual flip-flop transitions between spins with numbers i and j do not change the value of the product fiy ij in the case under

consideration. At the same time, flip-flop transitions with other system spins accounted for in the terms of the proportional

0w (z,)o"” (7,)+ o (z,)o\”(r,) change the value of 1'I.

Hereafter, we will assume that the motion of the lattice variables is correctly described by classical dynamics, which allows

us to neglect the time ordering of the corresponding variables; the relation (35) takes the following form:

) =1 o for 3 (of! ()l (2) ol (ol () +
=1_%| (1 +1)Zk:'((¢}k") (t:t)) + (o (tz;tl))2)+

12
where gz):t") (tz;tl) = Ia)s(t") (z’) dr.

Y

@37)

10
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Note that in the right-hand side of (32) we have taken into account only projections of the operator (fiy ij ):I on the initial

spin operator fiy ij and neglected by its projections on the spin operators like fky fly for the cases when k =i, jor | =i, j. By

direct and lengthy calculations analogous to (33)-(36) one can see that in the second order of perturbation theory by a)k(l") (r)

, the contributions from them into the expression (37) are exactly zero.

. . . . . . - Sn, fl . .
In further calculations, we will apply the Anderson-Weiss approximation with respect to the magnitude P, {tz,tl} :

P {t,it,} =exp {—%l (1+1)Y '((gofk”) (i) +(o (tz;tl))z)}. (38)

It seems appropriate to note that the approximation (32) reconstructs the formal mathematical structure of the previously
studied Hamiltonian (16) by modifying in it only the time-dependent spin-lattice interaction constant:

HE, ()= 2 20a" (1) 1T (39)
i<j
with
& (1) =R (60)a” (1). (40)

Effects associated with the Hamiltonian (18) are now considered by the presence of a multiplier P," (t;0). Therefore, by

analogy with relation (27), we can immediately write down the relations for experimentally observed signals:

A (2700) = p ’Z”O Z<H cos( @5 +(-1)' @ )> , (41)

k

with
™Q ZrDQ

o= [aa)d, . gr= [ a,a)d . (42)
0 7pQ

From the experimentally measured quantities A)(2rDQ) and /\(ZrDQ) one can construct the so-called normalized DQ

build up function:
_l A (ZTDQ)_ A (ZTDQ)
InDQ (TDQ) - 2 )
A(2r,)

Using the expression (41) we get:

(43)

11
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z<HC°S( 5O 4 G0 )>
(Lot )

InDQ (TDQ)Zg 1- = |- (44)

eq

3 Discussion.

Relations (41)-(44) are the main general results of this paper. They have a formal mathematical structure with a more

simplified approach, see relation (27), completely neglecting flip-flops during DC experiments. The difference is hidden in
p pp p Y neg g Thp-tiop g p

27,

275,
the values ¢" = | " (t,)dt, in expression (27) and 4" = I a" (t)dt, with @& (t)=P"" (t;0)e" (t), in the
0

ij
0

expressions (41)-(44). As we can see, the influence of flip-flop processes was taken into account by multiplying the

Sn. fl

frequencies a)( )(t ) by the values P, (t;O), defined by the approximation (32). From this definition, it is natural to

expect that the quantities discussed l5ij"’” (t) should be closely related to the probabilities of spins with numbers i and j

during the time interval t not to participate in flip-flop processes with any other spin of the system. Let's start with a more
detailed discussion of this connection.

3.1 Interpretation of P"" {t,;t}.

The quantity under consideration is defined by relation (32), expression (37) is its initial Taylor series expansion in

H[()Q) | (t) and (38) is similarity of its Anderson-Weiss approximation. Averaging in all the indicated relations was carried

n, fl

out only over spin variables. Therefore, according to formula (31) I5J ’ {tz;tl} remains a function of lattice variables, i.e., it
depends, in general, on the spatial coordinates of spins at all previous time moments. It is not in itself experimentally
measurable. Experimentally measured quantities that depend on I5U."'” {tz;tl} , as follows from formulas (19), (43), (44),
contain an additional averaging over the equilibrium distribution of lattice variables.  In mathematical terms, the quantity

an

{tz,t } is a multidimensional random process, microscopically defined by the Hamiltonian of lattice variables H

12
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If we average the expression (37) over the lattice variables, we obtain:

Pun'ﬂ {tz;t1} = <F~)|jn‘ﬂ {tz;t1}>eq
=1- : (I +1) tj.drz]% dfiz ‘(<a)if<n) (Tz)a)i(kn) (Tl) + a)fk") (Tz)a)fkn) (Tl)>eq)+ e (45)
Y Y k

3

:1_%| (1 +1)Zk:(<(¢fk") (tz;tl))2>eq+<(¢’fkn) (tz?tl))2> )+

eq

Using the Anderson-Weiss approximation for this relation, we obtain:
n 1 . n 2 n 2
P {t,t ) = exp{—gl (1+1)>] (<((P.(k ) (tz;tl)) >q +<(¢§k) (tz;t1)) >q)} (46)
K e e
An expression similar to egs. (45,46) with numerical multiplier accuracy was obtained in ref. (Fatkullin et al., 2012), which
discussed the modified Anderson-Weiss approximation with respect to the Free Induction Decay signal of the proton spin
system:

Pre (1) = exp{_jdf(t-f) 0y 2 ((A, (A, (0)), +(A, (A, <o>>eq)} , “n

6h°

where A, (t)=A, (t)-23,(t), J, is the constant of exchange interaction, J-coupling, between spins with numbers k
and | ,(misprint with numerical coefficient before exchange constant in (Fatkullin et al., 2012) is corrected) and
y'n’
r, (1)

be viewed as the probability that a given pair of numbered k and | spins will not participate in flip-flop processes over time t

Kkl

(1-3cos’ (¢, (t))) with variables identical to the expression (2) of this paper. The value P;" (t) can

A, (1) =

with any third spin of the system.
In terms of present paper, J, =0, A, (t)=2a,(t), if to consider motions of the lattice variables as classical, the

expression (47) can be rewritten in the following way:

R =] Jort-0 2L (o, ()0 0), (o (1o O),)}
:exp{_§|(|+1)Zm:'(<((p§r:>(t;o))2> +<(¢ﬁn°>(t;0))z> )}

eq €q

. (48)

The difference in the ratios (46) and (48) in the numerical coefficients 1/6 and 1/3, respectively, is noticeable. It is related to
the fact that in the first case the flip-flop processes are induced by the modified RF irradiated Hamiltonian (4) and in the
second case by the secular part of the Hamiltonian of magnetic dipole-dipole interactions (1). The indicated difference in the

numerical coefficients indicates that in the case of DQ experiments, the influence of flip-flop processes is weaker than for
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FID or Hahn echo and will appear at later times. To complete the picture, it seems appropriate to quote an expression from

ref. (Fatkullin et al., 2012) for the probability that spin number k will not participate in flip-flop processes at intervals t:

P () -o|-far (-0 LT (4 (), (),
| - | (49)
e {_ I (|3+ 1) z '<((/,:; (t; O))Q >q}

where the second line on the right-hand side is rewritten in terms of the variables of this paper.

n, fl

From these examples, it seems to us that the value I5J {t,;;t.} for the case, when n=0 can be regarded as a conditional
probability for spins with numbers i and j not to participate in flip-flop processes with other system spins during the time
interval t <t <t, , provided that the lattice variables changed along the phase trajectory defined by a particular set of lattice

coordinates during the specified time interval.
3.2 The case of a (quasi-)rigid lattice and Anderson-Weiss approximation.

In this case spins make only small oscillations in the vicinity of the equilibrium positions. Alternatively, the case also applies

to anisotropic fast-limit motions (such as in polymer networks at high temperatures), where the dipolar couplings are

replaced by quasi-static, possibly rather small residual dipolar couplings of order Sa)ij /(5N ) where N is the number of
statistical segments between crosslinks. Also in this case, relevant oscillations around the mean value of 3w, /1(5N) are
rather small for relevant long timescales. In both cases, the time dependence of frequencies @, (t) in the Hamiltonian (4)
can be neglected and consequently o,” (t) =(—1)""("’°°) , . Then, the signal A (t) is always fully recovered at time
t =27, . Our approximation (32) preserves this property. This follows from the relations (37) and (38), since as is easy to
see, we have for 0<t<rz_ :

P {t+7,,;0} =P"" {r, -t;0} (50)

ij 1
and therefore
7po
G =g = | (B {t +7,4:0} =P {7, ~1;0} Jdt, =0 . (51)

ij ij ij ij
0

Note that this property is not trivial at all, since the flip-flop processes are elementary steps of spin diffusion, which is
irreversible for the signal A (ZTDQ) and reversible in time for the signal A (ZrDQ) . This property allows us to rewrite the
relation (44) for the rigid lattice as follows:
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12 (700 ) = %(1—NLZ<H cos (" + ;" )> ] : (52)

s

Using expression (42) we can rewrite the expression (52) as follows:

I (TDQ)=§ 1——Z<Hcos(( i a)i§°)(t1) dtlD> . (53)

Let us now consider the following quantity:

I, (2, ) = <H cos(( 'fc & () dtlD> . (54)

Decomposing the right part of it into a Taylor expansion, we obtain:
11, (27,,) (1—— [ o, j dt, (6 (1) (t, )) j . (55)

Considering the quantities 5’50) (t,) as stochastic stationary random processes whose correlation functions have symmetry

with respect to time reversal, we obtain:

1, (27,,) [1——2]2th zj dt, (& (t, - )5);°>(0)>m+...j

2 : (56)
- H[l— [ de (26, =) (B (:0) " (0:0) )" (1)@ (0)), +. J
J 0
Then we can make mean-field like approximation to the right part of the expression (57):
2754
Hi (ZTDQ) - H[l_ I dT(ZTDQ _T)<I5iioyfI (T;O) Isijval (0; o)wu@ (T)a’;m (0)>eq o J
i 0
. (57)

27po

- H(l— [ de (2, —2) (B (7:0) B (0:0))_{0” @) (@), +.. J

0, fl

By definition, see expression (32), we have ISH. (0;0) =1, therefore we can rewrite the expression (57) as the following:

i ]

I, (ZTDQ) = H[l— JEQ dT(ZTDQ —T)<F~:j°‘” (T;O)>eq <a)i(j°) (T)a)iio) (0)>Eq +... j

(58)

27p,

= H[l— _[ dT(ZTDQ —T) F’”O'fI (T;O)<a);°) (z')a)ijo) (O)>eq +... ]
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Remembering that we started with the approximation of the product of cosines, see the relation (54) and remembering that

for a rigid lattice a)(o) (t) it is natural to use the following approximation for the original relation (53):

I]’

27,

|$Q (TDQ ) =% l—NiZHCOS \/2&); JEQ dz'(Zz'DQ - z') F?jo'ﬂ (r; 0) . (59)

0

0,fl

Using the approximation (46) for the value P (7;0), after a number of calculations the expression (59) is transformed to

the form:
, 1 1
I (TDQ ) = E(l—N—ZHcos(a)ijTij )j , (60)
with
Qi = ! (I6+1) (Z (cofk +a)fk)j
. (61)
.= 2\/3“ erf (2,7, ) - (1-exp (-4, )

— ) ot for 7, <Q T
oo (a0 ) = - (62)

-1 eff
for 7,,>Q T,

For cases in which the spatial displacements of spins during DQ experiments cannot be neglected, the Anderson-Weiss

approximation is usually used. With respect to our expression (44), it leads to the following formula:

o, Eeliste )
S ey

If all spins have an equivalent environment, then the expression is simplified:

lhpo (TDQ) = %[1_ eXp{ Z(<¢’SO ex@.jo)vrec>eq + <(/~’i, (0., reC>eq )}j : (64)
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3.3 Estimation of characteristic flip-flop transition times in DQ experiments.

As we noted at the beginning of this section, the new expressions for the DQ signals (41) differ significantly from the

fl 1

simplified one (27) only at sufficiently large times t >z, where r;Q is the characteristic time of the flip-flop processes

n, fl

determined by the value F~>ij {t; O} , see expression (38). Now we will try to express this time through the effective spin-spin

relaxation time T, defined by the relation g™ (TZeff ) =e” , where g™ (t) is the FID or Hahn echo signal governed by

dipolar dephasing and an approximately Gaussian initial decay. To do this, let us begin by analyzing the modified Anderson-

FID
Weiss approximation for g ( ) obtained in ref. (Fatkullin et al., 2012) and written in terms of the variables of this paper:

0™ (1) = exp{—%l (1 +1)Niz ‘jdf(t — o), (7)o, (0)), P (7)} . (65)

s ki

Since we are interested in relatively short times in the relation (64) we can put P;”" (z)=1, which, combined with the

assumption that all spins have the same environment, allows us to convert it to the form:

g™ (t) =exp {—g (1 +1)|z ' (<(gok(|°) (t; O))2>eq ); (66)

If we apply the Anderson-Weiss approximation to expression (45), we obtain

7 foo} o100 X ({8 0 )+ (6 w0))), ]
—exp {_? (1 +1)Zk: '(<(<pfk"> (t;O))2>eq )}

where we put, that »_ '<((pi(k") (t;O))2> => '<(¢fk") (t;O))2> . Note that by virtue of the last approximation the values
k e k

eq

: (67)

P"" {t;0} and P™"(t) are equal for n=0.
Let us now consider the case of the DQ experiment, n=0, i.e., no time reversal operation with respect to spin variables is
performed at time t =z, . We see that the expressions for g™ (t) and B’" {t;0} are similar. Now we can determine the

corresponding characteristic times by means of the relations:
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: (68)

where 1< <2 is the system dependent exponent. In solids « =2 , in high molecular polymer melts, 1.25 < ¢ <1.75,
(see, for example Kimmich and Fatkullin, 2017; Rossler et al., 2013; Fatkullin et al., 2015), for low molecular liquids
a =1( see, for example Mehring, 1983; Abragam 1961). From the relations (66), (67) and (68) follows the following

relation between the discussed characteristic times:

oQ.fl g o eff
T = T (69)

We see that the numerical multiplier linking the two characteristic times is quite large, even with the largest possible value

N 9 1/2
of the exponent o =2 : T°" = (E) T" ~ 21217 . (70)

9 1/2
The latter makes it natural to consider time (—) T ~2.12T" as a lower bound, starting from which the influence of
2

flip-flop processes becomes dominant. The duration of the DQ experiment is equal to 2z, , so the influence of

intermolecular  flip-flop processes on the experimentally measured signal can be neglected at times

1/2
9 eff eff
TDQ<(EJ T ~1.06T" .

3.4 Numerical results and comparison with spin dynamics simulations

We now turn to comparing the results of Section 3.2, specifically the quasi-static approximation, to results of spin dynamics
simulations based upon solving the Liouville-von-Neumann equation in small time steps for finite few-spin systems for the
explicit BP pulse sequence (as well as simple FIDs after a 90° pulse), always assuming & pulses. For time efficiency, we did
not simulate the two different BP experiments with variable reconversion phase, but using a fixed 90° phase shift and
filtering the density matrix for DQ coherences after the excitation block, thus calculating directly the DQ build-up curve. We
used an earlier home-written code ( Saalwéchter and Fischbach 2002) that is not optimized (no sparse-matrix algebra is
implemented), which means that simulations are limited to 8 spins due to the large dimension (up to 2%) of the density matrix

and the operators/propagators. We implemented the analytical solution, expressions (60,61), on the basis of the very same
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code, using the same core routines handling the dipolar interaction tensors and the same input files with spin system
parameters.
As to spin systems, we aimed at mimicking a simple main-chain protonated polymer, where the chain motions provide a
fast-limit average of all conformations between two crosslinks or entanglements. This provides uniaxial averaging of all
intra-chain dipolar tensors, resulting in residual coupling tensors that are all colinear (being parallel to the end-to-end
distance of the chain) and reduced in magnitude by a factor of about 100 compared to the static limit (Saalwéchter , 2007).
A physically realistic model would have to be based on a trajectory of a molecular dynamics simulation. For simplicity, we
chose to simulate cut-outs of all-trans alkane structures (CH»),, using canonical CH and CC distances of 0.109 and 0.154 nm,
respectively, assuming tetrahedral symmetry, see the inset of Figure 1la. This model provides ryy = 0.178 nm and thus an
intra-CH, static-limit coupling constant of D™"/2mt = 24 Hz, see equation (2). We always detect (or calculate for) the central
protons. Uniaxial averaging is implemented by symmetric three-site jumps mimicking fast rigid-body rotation (leading to a
scaling of the HH dipolar couplings by -0.5 when the HH bond is perpendicular to the rotation axis), providing a situation
with all-colinear dipolar tensors. To reach residual couplings corresponding to those of polymer melts, a scaling factor of
0.01 was applied to all couplings, leading to a dominant intra-CH, residual dipolar coupling constant D" "/2m = 122 Hz.
Another set of simulations considered a propyl fragment in g+g+ conformation (locating two outer protons in the CCC
plane) with up to two additional protons located at van-der-Waals distance above either of the two central protons (with a
remote coupling of Dyy/2n =9 kHz). Powder averaging was performed over only 40 angles of  between the main axis of
the averaged tensor and the magnetic field (as we simulate in the time domain, convergence was reached within the

discussed limited time intervals).

= CH, 4+ propyl 20°
propylz + butyl 20° [] (b)

(=)
>
T

o
F.
1

——CH, —--—pentyl 20°
— = propylz - - - -hexyl 20°
== propyl 20° - - - - heptyl 20°
— - — butyl 20°

norm. DQ intensity
(=]
(9]

norm. DQ intensity
(=]
(9]
=]
o

o
%)
1

¥~ detect

T T . 0.0 T . T
0 5 10 15 20 0 5 10 15 20
DQ evolution time tpy / ms DQ evolution time tpq / ms

Figure 1. *H DQ build-up curves of all-trans alkyl cut-outs rotating about the molecular long axis (z) or about an axis

inclined by 20° (a) from spin-dynamics simulations and (b) analytically calculated from expressions (60,61).
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Simulation results of DQ build-up curves are compared in Figure 1la for a CH, group (for which simulation and analytical
prediction are identical) and for rotating alkyl cut-outs starting with propyl (6 protons). For rotation around the all-trans (z)
axis, the secondary couplings of the central CH, protons to the ones on the side are very small after uniaxial z-averaging, due
to angles between the HH vectors and the z axis being close to the magic angle. This is obvious from the very small
difference of the CH, and the “propyl z* responses. To mimic a more complex spin system with a larger spread of couplings,
we inclined the rotation axis by 20°, rending the couplings of the central CH, group to the ones on the different sides
different. As a result, the coherent oscillations are significantly damped. Adding more CH, groups (with butyl being the
largest feasible spin system for the simulations) damps the oscillations even more, leading to a build-up curve that reaches

the expected plateau at 1o = 0.5 from below.

(@) os (b) os

e “ "‘n“
o g oF AT attee Ty vV
ﬁmf% S —
»04 7 5041 4/ [DQ anal. FID
@ : DQ anal. FID @ Z;I:-:o » = propyl gg stat
g 4 —— = propyl tt 20° rot 2 e, | T propylgg + 1H
S v —— - butyltit20°rot = .+ —— - propylgg+1H
E Eood e, | [ '
5 0.2 o 0.2 TERR
ey
m o, le
ne %s LTLTIT-TY
s LIS OSPRCEd iire e ST TYYN
0.0 0.0 UL B S UL
Sgcoopgo 11l L]
6 8 10 12 14 0 2 4 6 8 10
evolution time / ms evolution time / ms

Figure 2. *H DQ build-up curves of alkyl cut-outs, comparing spin dynamics simulation results and analytical calculations,
(@) in all-trans conformation rotating about an axis inclined by 20° (all couplings scaled by 0.01, see Figure 1) and (b) propyl
(6 spins) in static g"g" conformation (all couplings scaled by 0.005), with up to two additional remote protons located at van-
der-Waals distance above either of the two central CH, protons (Dyn/2mt = 9 kHz). Simulated FID signals are also shown to
indicate T,

The analytical results shown in Figure 1b, for the first time possible for systems beyond a spin pair, mimic these trends
surprisingly well. Notably, the changes in the build-up curves upon adding more CH, groups, which is easily possible in the
analytical calculations, does not change the result significantly. For a more quantitative comparison, we directly compare in

Figure 2a the simulations and analytical calculations for the propyl 20° and butyl 20° cases.
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While the agreement between the former pair is very satisfactory, large deviations are observed in the latter case. This may

well be due to the finite spin system and specificities related to the all-colinear dipolar tensors. In Figure 2 we also plot
simulated FIDs, which can be used to extract the T,". Up to o =T2eff , simulated and analytical results match within 15%.

To explore the effect of the all-tensor colinearity in these calculations, we add in Figure 2b simulations and calculations for a
static 3D spin system (with a dipolar scaling factor of 0.005 to arrive at a similar coupling magnitude as before), in this case
of propyl fragment in g+g+ conformation, optionally adding two remote protons. It is observed that the agreement between

simulations and analytical solutions within T,

is generally even better, confirming the hypothesis that a three-dimensional
distribution of variable coupling tensors is maybe a better basis for the application of the AW approximation inherent to

expression (67).

Thus, for cases when we have a large scatter in the coupling constants for different spins, this result, in our opinion, can be
considered as quite satisfactory. The improvement of the result requires a more detailed treatment of flip-flop processes
between different spins than we have done in the transition from the relation (45) to the relation (46), which does not take

into account the returns of spin polarization during spin diffusion to the initial spin, which will lead to a slower decay of the

function (46) at times 7, > T;“ . Also at the discussed times it becomes necessary to improve the approximation (32) due to
the simultaneous exchange of two different pairs of spins by their mutual spin polarizations, see the remark after formula
(37). It may also be important to further develop the ideas presented in refs ( Bochkin et al., 2022; Bochkin et al., 2024;
Fel’dman et al., 2022) . Besides, a more detailed assessment, using more realistic and much larger spin systems, requiring

dedicated simulation software, was beyond the scope of the present work.
4 Conclusions.

The mathematical identity (7) allows us to reformulate the derivation of experimentally measured signals in DQ experiments
in such a way that taking into account the effects of inter-spin flip-flop processes is natural and simple. In this way, it was
possible for the first time to derive an analytical calculation of DQ build-up curves in multi-spin systems. From a formal
point of view, it all comes down to redefining the phases of mutual rotations of spins induced by the DQ Hamiltonian (4),
compare the relations (27) and (41), (44). The influence of flip-flops leads to the fact that the phases turn out to be linearly

n,fl

dependent on the conditional probabilities I5J (t) that the corresponding pair of spins did not participate in flip-flops with

any other spin of the system during the time interval t, see expressions (40) and (42). The structure of the DQ Hamiltonian
(4) itself is such that the probabilities of the flip-flop processes induced by it are 2 times smaller than those induced by the
secular part of the Hamiltonian of magnetic dipole-dipole interactions (1). The latter allows us to neglect the effects of flip-

flop processes in DQ experiments and use the simplified description given by the relations (27) on sufficiently long time
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intervals in units of effective spin-spin relaxation time t < 2.12T;ff . A comparison of the predictions with spin dynamics
simulations of simple, small spin systems of different sizes provided a promising, near-quantitative agreement for

Ty S 1.06T2eff , yet the origin of existing deviations for longer times requires further work.
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