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\ begi n{abstract}

Segnent ed- Overl ap Fourier-Filtering and Averagi ng (SOFFA) data acquisition nmethod is described in detail for
magnetic resonance spectroscopy. In this work the four processes that enconpass the SOFFA data acqui sition
method are detailed: (i) oversanpling spectral segnments, (ii) Fourier block-filtering, (iii) segnent-overlap
averagi ng, and (iv) decinmation. Three experinental exanples are shewdi— Corverii-ohal Conti-hAdeus Mave (CW
Elest+on Pararaghetie Resenanee (EPR) is conpared to SOFFA-CWof a single reduced [4Fe-4S] $7+$ (S=1/2) at
concentrations of 1~mM 100~$\nu$M and 10~$\ nu$M showi ng an average increase in concentration sensitivity by
a factor of B—6— Beperwenrtat conpari son of CWand SOFFA non-adi abatic rapid scan (SOFFA-NARS) data with
simlar filter parameters and fiel d-nodul ati on anplitude denonstrates a factor of 10.3 in signal-to-noise

i nprovenment for a 150~$\nu$M site-directed spin-1abel ed Henmogl obin in 82\ % glycerol at 18%"\circ$C. Fhe

si gnal -t 0- noi se -prevererts were Aade For the sare dat a acaui-si-on H-ARS oR stahdard cormecak
FRst+urerts— Fhis nmethod can be inplenented to performreal -tine segnmented processing and, conbined with nore
sophi sti cated averagi ng nethods, will push the state-of-the-art sensitivity in magnetic resonance

spect roscopy.

Segnent ed- Overl ap Fourier-Filtering and Averagi ng (SOFFA) data acquisition nmethod is described in detail for
magneti c resonance spectroscopy. In this work the four processes that enconpass the SOFFA data acquisition
nethod are detailed: (i) oversanpling spectral segnments, (ii) Fourier block-filtering, (iii) segnment-overlap
averagi ng, and (iv) decimation. Three experinental exanples are shown: First, conventional continuous wave
(CW el ectron paramagnetic resonance (EPR) is conpared to SOFFA-CWof a single reduced [4Fe-4S] $"+$ (S=1/2)
at concentrations of 1~mM 100~$\nu$M and 10~$\ nu$M showi ng an average increase in concentration sensitivity
by a factor of 5.6 in 100 m nute neasurenent tinme. Second, an experinental conparison of CWand SOFFA

non- adi abatic rapid scan (SOFFA-NARS) data with simlar filter parameters and fiel d-nodul ation anplitude
denonstrates a factor of 10.3 in signal-to-noise inprovenent (32 minute neasurenent tine) for a 150~$\ mu$M
site-directed spin-|abel ed Henogl obin in 82\% gl ycerol at 18%$"circ$C. Finally, a signal-to-noise matched
experinent of free TEMPO at 10~$\ mu$M concentration is presented, where CWwas performed at 400 scans (273

m nutes) conpared to SOFFA-CWwith an overlap factor of 100 (20 minutes). Al so shown is the effect of 1/f

noi se on these CWand SOFFA-CWexperinments. U tinmately, the SOFFA al gorithm achi eves sensitivity enhancenent
by conbi ni ng nassive digital oversanpling and out-of-band noise filtration with coherent spatial accunul ation
of highly overl apped spectral segnents. The gains reported here are phenonenol ogi cal and are grounded in
establ i shed DSP principles but validated through experinent rather than cl osed-form anal ytical prediction.
This fundanmental restructuring of the acquisition chain successfully decouples high-frequency filtering from
| owfrequency averaging, while providing a data collection schene that suppresses 1/f noise. The SOFFA net hod
can be inplenmented to performreal -time segnented processing and, conbined with nore sophisticated averagi ng
met hods, will push the state-of-the-art sensitivity in nagnetic resonance spectroscopy.
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In this work, the Segnented-Overlap Fourier Filtering and Averagi ng (SOFFA) nethod for nagnetic resonance
data acquisition and filtering is established. In a typical continuous-wave (CW Electron Paramagnetic
Resonance (EPR) experinent a spectrumis collected as a continuous signal, \textit{i.e.} the spectroscopi st
must " “play'' it until the end and, only then, repeat for averagi ng. However, the signal is typically tine
invariant, and therefore can be collected in a nunber of unique ways. It is shown herein that by collecting a
magneti c resonance spectrumin segnments an additional paranmeter related to the overlap of each scan is
introduced, while increasing the available nunber of data points collected. Each acquired segnent contains
field- or frequency-stepped correl ated signal and uncorrel ated noi se. For processing, each segnent is
oversanpl ed, filtered bl ock-wi se, concatenated, and decimated to a standard nunber of points (i.e. 1024)
resulting in a signal -to-noise inprovenent conpared to traditional CWor non-adiabatic rapid scan (NARS) data
coll ection, averaging, and filtering nethods for the same neasurenment tinme. The SOFFA data acqui sition nethod
can be adopted for many magnetic resonance experinments and is denonstrated for conventional CWand NARS
techni ques. A visualization of the schene is illustrated in Fig.~\ref{fig:test-data}.

\ begi n{fi gure}[htb]

\'i ncl udegr aphi cs{03a- Test Dat a. eps}

\caption{A visualization of the SOFFA nethod. A Gaussi an absorption spectrumis sinulated with a half w dth
of 1 nT and an anplitude of unity. Shown here is a representation of the sinulated experinent. (A) Random
(white) noise is added. (B) Snall set of unfiltered segnented data is plotted showing field steps $s$ with
oversanpling. Illustration of segnentation is shown in the inset over length $L$. (C) Wen a Gaussian
convolution filter of Eq. \ref{eq:filter} is applied to {\bf A}, the expected inprovenent in signal-to-noise
is shown, sinmlar to increasing the time constant. (D) However, using the SOFFA nethod, as $L$ is increased,
further signal-to-noise inprovenent is exhibited due to the increased averagi ng during concatenation of
filtered data.}

\l abel {fig:test-data}

\end{center}

\end{figure}
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The inproved signal-to-noise ratio (SNR) achi eved by the SOFFA nethod can al so be | everaged to reduce the
tine required for an experinent, thereby increasing throughput. In traditional EPR experinents, the SNRis
often i nproved by averaging nultiple scans, which can be tinme-consum ng. However, with the SOFFA nethod, the
sane | evel of SNR can be achieved in a shorter anmount of tinme, typically by the square of the nunber of
traditional averages. This neans that the experinment tinme can be reduced, allowi ng for nore sanples to be
analyzed in a given tine period. By using the SOFFA nethod, this relationship can be decoupl ed, allow ng for
improved SNR wi t hout a corresponding increase in experinent tinmne.

The limtations of the SOFFA-CWnethod are primarily twofold: The first is practical step sizes of commerci al
magnets are limted to 0.01~nl steps. This is due to both the settling tinme of a nagnet and the hysteresis
associated with a large el ectromagnet returning to a precision point before sweeping again. The second is the
rate you can sweep through the spectrum both froma physical constraint of the electromagnetic and to ensure
that sweeping through the EPR |ine does not cause broadening from passage.\citep{Wger1960} These two
practical limtations are largely elimnated using the non-adi abatic rapid scan (NARS)

net hod. \ ci t ep{ KI TTELL2011228, KI TTELL201251, KI TTELL201568, HYDE201315, YU201558}

In a NARS experinent, the field or frequency is swept at a rate and anplitude that allows the spin systemto
return to thermal equilibriumand no passage is observed and the pure absorption |ineshape is recorded. In
this sense, NARS nmimics a CWEPR experinent and the power saturation profile of the sanple renains
unperturbed. Typically, NARS experinents enploy |ow anplitude (1~ml) and rate (bel ow 50~kHz) for field or
frequency sweeps. The increased rate and anplitude at a fixed field position of a NARS experinment generate
har nmoni cs which are captured conpletely with a digitizer. However, in order to collect a full EPR spectrum
the static field is stepped as opposed to swept |like a traditional CWexperinent. Each step is w ndowed, zero
filled, concatenated, and filtered. The advantage of NARS cones fromthe nodern data col |l ecti on nethods
(averaging, digital filtering, etc.), collection of pure-absorption spectra, and signal -to-noise inprovenents
due to overl appi ng segnents during concatenati on. The NARS net hod col |l ects quadrature pure-absorption EPR
spectra, which can be pseudo-nodul ated to the conventional first-derivative EPR spectrum \citep{Hydel990,
HYDE201315} NARS has been used by Hyde and col | eagues \citep{KI TTELL2011228, KI TTELL201568} at L-band
(1.2~GHz) to extend the deconvol ution nmethod of CWEPR distance determ nation from 18-25~\ AA{} to 30-35~\ AA{}
\citep{KITTELL201251} and used to increase the resolution for a copper inidazole conplex.~\citep{HYDE201315}
Addi tional ly, NARS was independently shown by Eaton and col | eagues in applications of spectra as wi de as
620~nT usi ng concatenati on w t hout overlap.~\citep{YU201558}

It has been established that NARS data collection produces a conb filter that suppresses hi gh frequency

noi se. ~\ci tep{ W I nshurst, m sraRS} However, these nethods are susceptible to | ow frequency noise that is
correlated with the field sweep or the transfer function of the frequency response of the system Filtering
such noi se is problematic since the features may contain the sane frequency content as the absorption
spectrum Pseudo-npdul ati on using the Muving Difference (MJFF) algorithmto calculate the conventional
first-harnonic derivative-like spectrumfurther reduces sone | ow frequency noise. ~\citep{HYDE201315} However,
the chal l enge of properly filtering NARS data still remains. The SOFFA data acquisition nethod is shown to
renpve chal | engi ng noi se profiles and that the nmethod is well suited for nmagnetic resonance spectroscopy with
m ni rum changes to data acqui sition.

It should be noted that the signal-to-noise inprovenents reported herein are phenonenol ogi cal in character.
Wil e the SOFFA nethod is constructed from wel | -established DSP principles (oversanpling theory, Fourier

bl ock-filtering, and overlap-add averagi ng) a conplete closed-form anal yti cal expression that quantitatively
predicts the net gain fromthe conbination of all four processing stages is beyond the scope of this work.
The experinmental results serve as the primary validation. Future work will focus on a rigorous theoretical
framework that deconposes the contributing factors and yields quantitative predictions as a function of

acqui sition paraneters.

In this work, the SOFFA data acquisition nmethod is tested with (i) an experinental conparison between an
averaged and filtered CWspectrumand a SOFFA- CW spectrum using concentrations of 1~nM 100~$\mu$M and
10~$\ nu$sM of \textit{apo} [FeFe]-hydrogenase (single reduced [4Fe-4S] $"+$; S=1/2;

Ref . ~\ ci t ep{ Knor zer 06012012}), (ii) an experinental conparison of a SOFFA- NARS spectrum of 150~$\ nu$M
site-directed spin-Iabel ed Henpgl obin protein in 82\%glycerol at 18%"\circ$C to averaged and filtered CW
spectrum Wile (iii) an experinental conparison between CWand SOFFA- CWusing a 10~$\ mnu$M TEMPO



(2,2,6, 6-Tetranet hyl pi peri di ne-1-oxyl) radical in water where signal-to-noise is natched.

\ secti on{ Met hods}

\ subsecti on{Conti nuous- Wave EPR}

Three concentrations of \textit{apo} [FeFe]-hydrogenase from\textit{Chl anydononas rei nhardtii} (single
reduced [4Fe-4S] $7+$, S=1/2) were prepared at 1~mM 100~$\nmu$M and 10~$\ mu$M and confirnmed by UV-VI S
absorption at 400~nm-\cit ep{ Knor zer 06012012}. All spectra were collected at 15~K with an incident m crowave
power of 0.63~mWand a field nodul ati on anplitude of 0.5~nl at 100~kHz. The 1~nM reference spectrum was
collected as a single 4~nmin scan over 100~nT with 4096 points. The 100~$\ mu$M and 10~$\ nu$M concentrati ons
were each collected with 25 averages (4~nmin scan, 100~nil, 4096 points) for a total neasurenent tine of
100~mi n.

For the SOFFA-CW experinents, the center field was stepped in 0.5~nl increnents over a total sweep of 100~nf,
yi el di ng $K=200% steps, with a segnent sweep w dth $g=25%~nT and 4096 points per segnent. Each segnent was
coll ected over 30~s for a total neasurenent tinme of 100~min. Segnents were acquired using a ProDEL script in
Bruker Xepr (v.2.6b-160), which steps the center field and stores each segnent in Bruker DSC/ DTA
format.\footnote{The ProDEL script and Python GU used to collect and process SOFFA data are avail abl e at
\url{https://github.conljsidabras/ SOFFABruker}.\ | abel {foot:github}} The ProDEL script iterates discrete



static field steps, triggers acquisition at each position, and saves the resulting 2D dataset.

Sof t war eover head is negligible; the acquisition rate is limted by the hardware field-settling tine of the
magnet bet ween steps. This approach has been validated for field sweeps up to 8192 points with 1200 steps
(0.01~nTTstep size over 12~n).

These CWEPR spectra were coll ected on a Bruker E500 El exsys X-band spectroneter (9.70~GHz) equipped with a
bi smuth germanate (Bi $_4$(GeCH_4$)$_3%, BGO dielectric resonator retrofitted in a Bruker M5

housi ng. ~\ ci t ep{ | VANOV201683}

\ subsecti on{ Non- Adi abati c Rapi d Scan}

The conventional CWconpari son and NARS spectra were collected on a custombuilt X-band bridge dedicated to
segnent ed- NARS spectroscopy~\cit ep{ HydeSi dabrasStrangeway}. A 150~$\nu$M site-directed spin-|abel ed

Henogl obi n sanple in 82\% glycerol was neasured at 18%"\circ$C in a five-loop--four-gap | oop-gap resonator at
9.81~CGHz. For the conventional CWreference, 16 averages of 2~m n scans were collected over 20~nT with 0.1~nT
field nodul ation at 100~kHz, a 5~ns tine constant, and 1~mWof incident microwave power. For the SOFFA- NARS
experinent, the static field was stepped in 0.025~nT increnents with an overlap of $nr40%, using a
trapezoidal field ranp at 11.33~kHz with a 50~$\nmu$s flat region and an anplitude of 0.5~nT. Data were

acqui red over 95\ % of the trapezoidal sweep in one direction; the resulting edge effects appear as periodic
noi se outside the signal power spectral density and are suppressed by segnent-overlap averagi ng. Both
experinents required approxi mately 32~mn of neasurenent tine.

\ subsecti on{Si gnal -t o-noi se Definition}

Signal -to-noise ratio is defined as

\ begi n{ equat i on}

Vtext{SNR}=\frac{S {\text{pk}}}{2\signa_{\text{noise}}}

\ end{ equati on}

‘secti-en{Thesnd-
H Hhis—wore—-Rear—Roese | S assured- steh Hiat—
where $S {\text{pk}}/ 2% is the peak-to-peak signal anplitude and $\sigma_{\text{noise}}$ is the standard
devi ati on of the noise, conmputed froman off-resonance region of the
spect rum ~\ ci t ep{ schr oeder 2000ast r ononi cal , oppenhei nl999di scr et e}
\section{Theory and | npl enentati on}
The SOFFA data acqui sition nethod consists of four distinct processing stages: (i) oversanpling spectral
segnents, (ii) Fourier block-filtering, (iii) segnment-overlap averagi ng, and (iv) decinmation. The
normencl ature of the Welch FFT procedure for power spectral density estimation~\citep{Wl chFFT} is adopted
throughout, due to the similarity of spectral segnentation to that procedure. Table~\ref{table:variabl es}
defines all synbols used in this work, with a graphic representation in Fig.~\ref{fig:Variabl es}.
\ begi n{fi gure}[htbp]
\ begi n{center}
\'i ncl udegr aphi cs{ S2- Vari abl es. eps}
\caption{lllustration of spectral segnentation with paraneters and vari abl es.}
\ I abel {fi g: Vari abl es}
\end{center}
\end{fi gure}
\ begi n{t abl e*}[ ht b]



\caption{Variabl es and synbols used in this work.}

\| abel {t abl e: vari abl es}

\ begi n{tabular}{l11}

\tophline

Synbol & Definition & Units/Notes \\

\'m ddl ehl i ne

\mul ticolum{3}{I}{\textit{(i) Acquisition and Sweep Paraneters}} \\[2pt]

$t$ & Total spectral sweep width & ml \\

$N$ & Number of points per conventional spectrum& -- \\

$s$ & Field step size & nil \\

$K$ & Total nunber of segnents ($K = t/s$) & -- \\

$t_e$ & Total experinent tinme & s \\

$\tau$ & Scan tinme per segnment & s \\

$m a$ & Nunber of conventional averages & -- \\

\'m ddl ehl i ne

\mul ticolum{3}{I}{\textit{(ii) Segnentation Paraneters}} \\[2pt]

$g$ & Segnent sweep width & nil \\

$n & Overlap factor ($m= g/s$) & -- \\

$n$ & Discretized shift-step size ($n \approx N (g/s)$, rounded to nearest integer) & points \\
$L$ & Segnment wi ndow | ength & points \\

$k$ & Segnent index ($k = 0, 1, \ldots, K-1%) & -- \\

$x_Kk[j]$ & $k$-th acquired segment, $j = 0, 1, \ldots, L-1% & -- \\
$\tilde{x}[i]$ & Zero-filled, field-aligned segment & -- \\

$D$ & Zero-fill offset, shift-stepped by $n$ to align field positions & points \\
\'m ddl ehl i ne

\mul ticolum{3}{I}{\textit{(iii) Filter Parameters}} \\[2pt]

$\ onega$ & Discretized frequency index & -- \\

$\gamma$ & Center point in Fourier donain & -- \\

$\si gma_n"2$ & Gaussian filter variance & -- \\

$\text{H} _k[\omega] $ & Gaussian filter kernel for segment $k$ (Eq.~\ref{eq:filter}) & -- \\
$\text{Y} _k[\onega] $ & Fourier transform of segment $\tilde{x} k[i]$ & -- \\
$\text{G _k[\onega] $ & Filtered Fourier segment ($\text{Y}_k[\onega]\,\text{H} _k[\onega]$) & -- \\
$\text{G \text{tot}[\onega]$ & Sumof all filtered segnents in Fourier space & -- \\
Py \text{tot}[i]$ & IFFT of $\text{G \text{tot}$, final filtered spectrumé& -- \\
\'m ddl ehl i ne

\mul ticolum{3}{l}{\textit{(iv) Noise and SNR Quantities}} \\[2pt]

$S(t)$ & True signal & -- \\

$N(t)$ & Noise (spectrally flat (white) or 1/f (pink)) & -- \\

$S \text{pk}$ & Peak-to-peak signal anplitude & -- \\

$\si gma_\text{noise}$ & Standard devi ati on of noise (off-resonance region) & -- \\
OSR & Oversanpling ratio ($= f_s\,/\,(2 f_{cw})$) & -- \\

$f _s$ & Effective sanpling frequency ($= 1/\tau_c$) & Hz \\

$f _{cw}$ & Spectral bandwi dth of conventional CWexperinent & Hz \\

$\tau_c$ & Effective tine constant ($=t_e\,/\,(nK)$) & s \\

$\tau_{cw$ & Conventional CWtine constant & s \\

\ bot t omhl i ne

\'end{t abul ar}

\ bel owt abl e{}

\end{t abl e*}

Here, linear noise is assuned, such that,

\ begi n{ equat i on}

\Tilde{x}(t) = S(t) + N(t),
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where $S(t)$ is the signal that is detected and $N(t)$ is either spectrally flat (white) noise, characterized
by a frequency-independent power spectral density, or 1/f (pink) noise, characterized by a power spectral
density that increases with decreasing frequency. Noise that is a function of the signal is beyond the scope
of this work.

For conventional ly acquired data, the nunber of points, scan rate, and tine constant are chosen to represent
the spectrum conpl etely and w thout spectral distortions, sinulated data for visualization is shown in
Fig.~\ref{fig:test-data}A. For each new scan, the noise is uncorrelated, therefore, the data can be averaged
and filtered. For exanple, filtered data of Fig.~\ref{fig:test-data}A is shown in Fig.~\ref{fig:test-data}C
Fourier filtering averaged data before or after summ ng the individual scans is equivalent. Wth traditional
averagi ng and white noise, the signal-to-noise follows a strict $\sqrt{ma}$ gain, where $ma$ is the nunber
of averages. The sane signal/tine trade-off exists when increasing the nunber of collected data points while
nei nt ai ni ng equi val ent neasurenent time.

In the followi ng sections, the four processes utilized to create the SOFFA data acquisition nethod are
detailed: (i) Oversanpling Spectral Segnents, (ii) Fourier Block-Filtering each segnent separately, (iii)
Segnent - over |l ap averaging, and (iv) Decimation. It is the conbination of these processes that inproves the
signal -to-noise ratio for the sane anount of data collection tine.

\'subsecti on{Oversanpl i ng Spectral Segnents}\| abel {sec: oversanpli ng}

I'n the SOFFA data acquisition nethod, each field/frequency swept segnent has the follow ng properties: (i)
the overl apping noise is non-coherent, (ii) field- or frequency-dependent features are considered signal, and
(iii) each segnment is an oversanpl ed section of the whole spectrum In the case of the SOFFA nethod, all
segnents are collected separately and can then be further windowed to the desired Ilength to renove potenti al
edge effects the windowi ng function with window size $L$. Stepping $s$ over the spectrumyields $k$
individually collected segnents. Each segnent is offset by the discrete shift-step size $n$. Since magnetic
resonance produces a stationary and tinme-invariant signal, the correspondi ng output blocks can be zero filled
by a length of the total collection size to begin at the same absolute step size, aligning the field or
frequency dependent features. The zero-fill paraneter is then shift-stepped by $n$ to align field dependent
features. To nmexim ze the overlap averaging after filtering, the wi ndowi ng function is chosen to be



rectangul ar and no aliasing issues exist if oversanpling is used. Unlike wi ndowi ng in typical bl ock-filtering,
whi ch benefits greatly fromw ndow choice \citep{FFTW ndowi ng}, a rectangul ar wi ndow wi || maxi m ze the

i ndi vidual contribution of each segnment during the concatenation process. Any higher orderfrequencies
generated by discontinuities are renoved in the filtering process and result in properconcatenation and

al i asi ng.
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where $f _{cw}$ is the inverse of the tine constant $\tau_{cw}$ of the conventional CWdata collection.

Feguenrey—econtent—outside the spectral bandw dth by a-p-pJ—gH—n-g» Hie—rptse Fespense HHHR- Blesk—Hd-eng
echhi-gres—

Signal -to-noise is inproved in oversanpling by reducing the spectral bandw dth by the $\text{OSR}$ and
effectively spreadi ng noi se power spectral density by the same anount, see Fig.~\ref{fig: ShapeNoi se}
(\textit{ii} and \textit{iii}).~\citep{oppenhei nl999di screte} Since segnented magnetic resonance spectra are
collected, a further decrease in the spectral bandwidth is exhibited since only a fragnent of the spectrumis
sanpled. U timtely, the bandwi dth of the noise increases but it is the reduction of the bandwi dth of the
signal (due to the collection of partial spectra) that is reduced, resulting in a nore agressive filter

wi t hout spectral broadening.

A key advantage of the segnented acquisition strategy is that it allows the whole spectrumto be oversanpl ed
far beyond what the spectroneter hardware permts in a single continuous sweep. Legacy instrunments such as
sone Bruker E500 consoles are linmted to 8192 points per continuous sweep. Wth SOFFA, collecting a spectrum
with a 2~nT segnent sweep width, a 0.1~nTl field step size, 4096 points per segnment, and 100 steps produces
204, 800 effective data points across the whol e spectrum Because the nmagnetic resonance signal is stationary
and tinme-invariant, the signal contribution fromevery segnent that covers a given field positionis fully
correl ated, neaning the sane EPR |ine appears at the sane field value in each overlappi ng segnent. The noi se,
however, is generated independently at each acquisition and is therefore uncorrel ated between segnents. The
result is a whol e-spectrumdataset with correl ated signal and uncorrel ated noi se, which is precisely the
condition that enables effective Fourier filtering and signal averaging to inprove the signal-to-noise ratio.
Anot her advant age of oversanpl ed segnented data collection has to do with noise that is |oosely correlated to
the signal or noise that is colored, such as 1/f noise. In conventional CW the tinme constant acts as a
lowpass filter on the data, while the sweep duration acts as a high-pass filter on the noise. \Wen one
sweeps through a whol e spectrum and repeats for averagi ng, one averages in 1/f noise which has a power
spectral density that cannot be directly filtered without broadening the EPR signal and any correl ated noi se
is averaged in reducing the effectiveness of averaging (yields <$\sqrt{n}$). However, by reducing the sweep
into segnents and nmintaining the sweep rate (e.g. 60 seconds for 10~nT conpared and 12 seconds for 2~nil) the
shorter observation wi ndow i nherently rejects ultra-lowfrequency drift. Furthernore, due to the segnent step
timng and excessive overlap, any renmining correlated noise is random zed between segnents. This

decorrel ation allows the signal averaging to approach the theoretical white-noise linmt of $\sqgrt{n}$.

Once each of the segments is sufficiently oversanpled, filtering can be enployed to reduce the high frequency
content outside the spectral bandw dth by applying finite-inpulse response (FIR) block-filtering techniques.

\ subsecti on{Fouri er BI ock Filteri ng each Segnent Separ at el y}

Fouri er bleek—iititering s iHtust+rated - F-g—\rei{ii-g—schemes}— Each segnent is eerweluted W th the Hlte+
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The SOFFA data acquisition nethod differs fromtypical Fourier Block-Filtering by two inportant factors: (i)
Each segnent is a new collection of data with field- or frequency-stepped correlated signal and uncorrel ated
noi se and (ii) each segnent overlaps the next segnents for a total of $n$ overl appi ng segnents,
Fig.~\ref{fig:test-data}. Due to oversanpling, the spectral bandw dth of the spectrumin each segnent is
reduced, see Fig.~\ref{fig: ShapeNoi se} conparing spectra \textit{ii} and \textit{iii}.

Fourier block-filtering is illustrated in Fig.~\ref{fig:schenes}. Each segnment is convolved with the filter
$\text{H[\onega] $, such that

\ begi n{ equat i on}

\text{G _k[\onega] = \text{VY}_k[\omega] \text{H}_k[\onega],

\ end{ equat i on}




where $\text{Y}_k[\onega]$ is the Fourier transform (Fourier space $\onmega$) of the discrete signal and the
convolution is $\text{G _k[\onmega]$. In this work, a fixed FIR Gaussian filter is used, defined by

\ begi n{equation}\label {eq:filter}

\text{H _k[\onmega] = \exp{\Ileft(\frac{-(\onmega-\gamme)”"2}{2 \signma_\text{n}"2}\right)},

\ end{ equat i on}

where $\onega$ is the discretized frequency, $\ganmma$ in the central point in the Fourier transforned data
and has a variance of $\sigma_\text{n}”2%. The smallest variance $\sigma_\text{n}"2$ which shows no spectral
broadening is chosen for each $L$. However, it should be noted that these filters do not have to be fixed and
can vary at each $k$ value, or be nore sophisticated, such as adaptive averaging techniques.

\ ci t ep{ COCHRANE200817, Manni ng2020}

Spectral |eakage occurs when the chosen Gaussian standard deviation $\sigma_n$ is nore narrow than the
spectral bandw dth of the desired signal. As the length of $L$ is increased for each segnent, the
$\text{OSR}$ nmust be increased to maintain the sane spectral bandw dth. However, in practice this is
inmpractical and, instead, the standard deviation of the filter nust be nodified to ensure no spectral

| eakage. By choosing to adjust $\signma_n$, the spectral bandwi dth will approach that of the whole spectrum as
$L$ approaches the total length of $\Tilde{x}[i]$ ($i=0,1, \ldots, N$) and the signal-to-noise inprovenent
wi || approach that of filtering after concatenation (Post-Add Filter) as enployed by Hyde \textit{et.

al }. ~\citep{HYDE201315}

Since the opti mum wi ndowi ng net hod for the SOFFA al gorithmis rectangul ar, abrupt discontinuities may exist
in field space as the data is collected segnentally. Discontinuities cause Sinc-like features in Fourier
space. However, Fourier filtering each segment with an FIR Gaussian filter renpves these discontinuities and
produces snooth overlap and concatenation. Filtering each segnent separately renpves the need for filtering
the periodic noise associated with the step as in

Ref . ~\ci t ep{ HYDE201315}, which is required if the spectrumis filtered after concatenation as in Post-Add
Filter.

As $nt increases the length of the tail further overlaps with the head of nultiple segnents resulting in
aver agi ng.

\ subsecti on{ Segnent - Over| ap Averagi ng}
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If a signal input is infinitely long or for signals that need to be filtered in real tine, the Overl ap-Add
nethod is used with short-time Fourier transform (STFT) block-filtering for efficient digital signal

processi ng. ~\ ci t ep{ oppenhei mL999di screte, ifeachor2002digital} Block-filtering breaks a | ong or continuous
signal $x(t)$ into a series of spectral windows with a fixed discrete |ength. Each windowis filtered
individually in Fourier space and concatenated back together, as illustrated in Fig.~\ref{fig:schenes}A.
Finite-inpul se response (FIR) filters with block-filtering are easily inplenented and will be the focus of
this work. Finally, the output of block-filtering and reconbining the data with an Overlap-add or

Overl ap-save nethod is equivalent to filtering the long signal $x(t)$ data directly. In the case of the SOFFA
method, illustrated in Fig.~\ref{fig:schenes}B, each conponent is acquired separately.

\ begi n{fi gure}[htb]

\ begi n{center}
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\caption{(A) The Overlap-Add filter design is used for a large tinme-domain signal $x(t)$ where it is
discretized $\Tilde{x}[i]$ and segmented by del ayed bl ocks $\Delta$. Each discretized wi ndow is Fourier
filtered by $\text{H[\onega] $ and concatenated. (B) In a segmented nagnetic resonance experinent, each
over |l apped segnent has noise that is uncorrelated. Each segnent is discretized separately, Fourier filtered
by $\text{H[\onmega] $, and overl appi ng segments are further averaged during concatenation. Wthout overlap



($L=1n$) the nethods of {\bf A} and {\bf B} are equivalent.}

\ | abel {fi g: schenes}

\end{center}

\end{figure}

When i npl ementing traditional block-filtering, segnents are generated by w ndowi ng the whol e signal where the
wi ndowi ng function with w ndow size $L$, a |ong signal segnmented into $K$ segnents with the |ength of $L$
($i=0,1,\Idots,L-1)$ separated by $n$, which is the discretized wi ndow step delay size. Once w ndowed and
Fourier transforned, each discretized signal is considered a Short-tinme Fourier transform (STFT) and can be
filtered in Fourier space with convol ution techniques. Since each segnent is generated froma single input
the noise is correlated and an appropriate w ndow ng function $wi-n]$ is required to mnimze processing
noi se and aliasing artifacts.~\citep{FFTW ndowi ng} Wen each bl ock is reconbi ned using the Overl ap-add or
Overl ap-save al gorithm the signal-to-noise of the filtered signal is exactly equivalent as if the whole
signal was processed directly.

Once each segment is successfully filtered, the segnents nust be concatenated together. Due to the use of a
rectangul ar wi ndow, the segnents can be concatenated in Fourier space, to save processing tine, and a single
inverse Fourier transform (I FFT) is needed to obtain the discretized spectrum Because the data is zero
filled and aligned, this is done sinply by summation

\ begi n{ equat i on}

\text{G _{\text{tot}}[\onega] = \sum {k=0}"{K-1} \text{Y}_k[\onega] \text{H} _k[\onega].

@@ - 278, 132 +316, 31 @@

\ subsecti on{Deci mati on}
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The total nunmber of points in the final concatenated spectrum $y_{\text{tot}}[i]$ is a function of the
oversanpling rate, the step size, and the nunber of steps. To generate a SOFFA spectrumw th a conventi onal
nunber of output points $P$ (for exanple, 512, 1024, 2048, or 4096), the filtered data are first accunul ated
onto a high-resolution overlap-add grid and then deci mat ed.

The high-resol ution overlap-add grid is constructed at four tinmes the target resolution, with $4P$ evenly
spaced points spanning the full field range $[F_\text{first}, F \text{last}]$. Each acquired segnent $x_k[j]$
is mapped onto this grid by conputing the field position $f_{k,j} = F \text{first} + k \cdot s + \delta_j$
for each point $j$, where $\delta j$ is the field offset of point $j$ within the segnent sweep. The val ue
$x_Kk[j]$ is accunul ated into the nearest grid bin and a count is increnmented. After all $K$ segments have
been processed, each bin is divided by its count to yield the averaged value, and bins with no contributions
are filled by linear interpolation fromneighboring bins. This accunul ati on and averaging step is where the
segnent -over| ap averagi ng takes place on the fine grid.

A filter of variance $\sigma_n"2$ is then applied to the high-resolution overlap-add grid by convol ution.
Finally, the filtered grid is decimated to $P$ out put points using a novi ng-average w ndow, where each out put
point is the nean of a fixed nunber of neighboring fine-grid points centered on the correspondi ng out put
field position. This produces the final output spectrum $y[p]$, $p = O, \ldots, P-1%$. The deci nation step
conserves the signal-to-noise gains achieved during Fourier block-filtering and segnent-overlap averaging. In
addi tion, the noving-average wi ndow acts as a final |owpass filter on the fine grid while reducing the
number of points to a standard (typically 1024).

\ subsecti on{| npl enent ati on}

The bl ock-filtering approach enpl oyed by the SOFFA net hod provides flexibility in filter design. If the
filter $\text{H [\onega]$ is constant, as in this work, the output $y[i]$ is equival ent whether

bl ock-filtering is used or the oversanpled data is filtered after concatenation, but before deci mati on. One
must be careful to always filter before decinmation to not reduce the filtering effectiveness. If the filter
varies per segnment, $\text{H}_k[\onega]$, then filtering after concatenation is no |onger

equi val ent. ~\ ci t ep{ Over| apBl ock, KARAM 2018209} The SOFFA nethod therefore splits data processing into two
conpl enentary operations: (i) high-frequency filtering and noi se shaping, and (ii) |owfrequency averaging.

\ subsubsect i on{ Segnent ed Conti nuous-\Wave EPR}

A SOFFA- CW experiment is performed by collecting oversanpl ed data froma standard | ock-in phase-sensitive
detector over a fraction of the spectrum and systenatically stepping the center field to obtain the full
signal. In practice the field nodul ation anplitude is kept the same as the traditional CWexperinent. The
nunber of points is set to 4096 or 8192, tine constant is significantly reduced to mnimze |ock-in noise
correlation, and scan rate should be adjusted to optinmi ze the oversanpl ed segnents or at the sanme sweep rate
as the traditional experiment. The spectral bandwi dth of a CWexperinent is |arger conpared to the parti al
l'ine shapes acquired with SOFFA allowing for inmproved filtering of the high frequency noise.

\ subsubsecti on{ Segnent ed Non- Adi abati c Rapi d Scan}

A SOFFA- NARS experinment is performed by stepping the static nagnetic field while collecting a field or
frequency sweep smaller than the total spectrumwi dth. The step size should be set such that significant
overlap occurs ($L > 20n$). For NARS spectroscopy, pure absorption is directly collected, providing the

opti mal spectral bandwi dth for SOFFA. Multiple tinme averaging (MIA) is standard in NARS due to the rapid data
collection rate and filters |owfrequency and shot noi se associated with environnental

sources. ~\ci tep{WI nshurst, misraRS} No change in the NARS collection procedure is required to inplenent
SOFFA- NARS.

\ subsubsect i on{ Frequency- St epped NVR}




Frequency stepping is used to obtain broadband~\citep{ SANDERS201829} or ultra-w deband~\citep{U trawdeline}
NMR spectra for exotic~\citep{Gandinetti Crystal, MASSI Ori1995241, NVRCrystal} and quadrupol ar

nucl ei, ~\ ci t ep{ ODELL2009330} i ncl udi ng applications w th nagi c-angl e spinni ng. ~\ ci t ep{ Pi nt acudaMAS} A
narrow band variant of this approach, in which the frequency is stepped to produce a series of segnmented
spectra, is conpatible with the SOFFA net hod.

\ subsubsecti on{General Usage and Paraneter Sel ection}

Col | ection of SOFFA data requires the ability to step one paraneter in known increnents and relate themto a
fixed nunber of points per segnent and that the signal of interest is stationary and repeatable in that
paraneter. Tabl e~\ref{tabl e: paran} conpares the paraneters for a conventional EPR CW experinent and a
SOFFA- CW experinent. A traditional CWspectrum should first be collected to determine the full nmagnetic field
sweep width of the EPR signal. In nodern EPR software (e.g., Bruker XEPR Bruker MS5000, SpecMan), the
required paraneters are straightforward to derive fromthe configured nunber of points.

For a SOFFA-CW experinent, a separate experinmental configuration is created starting at the | owest nmagnetic
field. In the exanple of Fig.~\ref{fig: CWApo_Test}, the SOFFA- CW segnent sweep width is set to one quarter of
the total sweep (25~nT) wi th 4096 points per segnent. The tine constant should be set to the m ni num

avail abl e value to avoid pre-filtering within each segnent. The experinmental scan tinme per segnment (30~s) is
set to $1/200%th of the total CWexperinment tine to match the total SOFFA-CWacquisition tinme. Further
averagi ng of the full SOFFA-CW dataset is always possible; however, the overlap between segnents already
provides built-in averagi ng (overlap $m=48% in this exanple).

In the ProDEL code\footref{foot:github}, three variables need to be set: the starting field (one step bel ow
the lowest field) is placed in \texttt{value}, the final field is placed in \texttt{endParValue}, and the
segnent step is placed in \texttt{parStep}. Bruker XEPR then executes the ProDEL script on the active
experinent. The data is saved by XEPR and the acquired segnents are | oaded into the Python
GUI\footref{foot:github} and the filter variance is adjusted to ensure no spectral broadening.

\ begi n{t abl e} [ ht b]

\ capti on{Conpari son of paranmeters required for a traditional CWexperinent and a SOFFA- CW experinent. The
traditional tine constant (RC filter) should be set as |ow as possi bl e w+h SOFFA-CW Total scan tines do not
talke—-rt-o—aeeourt over head +ex+fte—g3- field flyback tinme, program legg-rg—ete—+

\ capti on{Conpari son of paraneters required for a traditional CWexperinment and a SOFFA- CW experinent. The
traditional time constant (RC filter) should be set as |ow as possible for SOFFA-CW Total scan tines do not
include overhead (e.g., field flyback time, program|latency).}

\centering

\ begi n{tabul ar}{l]cc}

Scan Time ($\tau$) & 240~s & 30~s \\
Aves. & 25 & 1 \\

Tine Conct ant L. 00 LQ - O AWA

Fior— oy S—S—O- 50\

Seg—Wiet-h—{-$5$)—&—& 2B~AF—\\-

Seg— Shep—5s8- & — & G5k \\ 2-Rre

Tine Constant & 58.59 ms & -- \\

Filter ($\signma$) & -- & 50 \\

Seg. Wdth ($9%) & -- & 25~nT \\

Seg. Step ($s$) & -- & 0.5~nT \\ \hline

Total Exp. Time & $t~\tines$~Aves. & $\tau~\tinmes~(t/s)$ \\
& 6000~s & 6000~s

@@ - 424, 23 +361, 78 @@

\end{tabl e}

The SOFFA nethod is equally applicable to spectra with well-resolved, narrow hyperfine lines. Three
paraneters govern performance in this reginme. First, the Gaussian filter variance $\sigma_n"2$ nust be
nmnimzed relative to the intrinsic linewidth to prevent spectral broadening. Second, the field step size $s$
can be reduced to increase the overlap factor $n% and thus the number of averaged segnents; on the Bruker
E500, $s$ is practically limted to 0.01~nT and conservatively to 0.025~nT by the field controller precision
and nagnet hysteresis. Fine adjustnment of the effective averaging is therefore nbst conveniently achieved by
varying $s$, while larger gains are better obtained by repeating the full segment stack (repetitions). Third,
the per-segnment scan rate should not exceed the effective rate of a conventional full-sweep experinent: for
exanpl e, a 10~nT sweep col |l ected over 60~s inplies that each 2~nT segnent should require at |east 12-~s.
\section{Results and Di scussi on}

The foll ow ng experinents were tested using the SOFFA net hod descri bed above.

\ subsecti on{Conti nuous- Wave EPR}

A series of CWEPR spectra of \textit{apo} [FeFe]-hydrogenase from\textit{Chlanmydononas reinhardtii} of
varying concentrations were col |l ected using a bismuth germanate (Bi $_4$(GeCb_4$)$_3%, BGD) dielectric
resonator retrofitted in a Bruker MD5 housing. ~\citep{l VANOV201683} The \textit{apo} protein has one reduced
[4Fe-4S] $7+$ cluster with an effective S=1/2. Three concentrations of 1~mV 100~$\ mu$M and 10~$\ nu$M wer e
prepared and confirmed with UV-VIS by neasuring the characteristic 400~nmfeature indicating relative anounts
of [4Fe-4S].~\citep{Knorzer06012012} The conventional -CWspectra were collected by a 4 m nute scan of 4096
poi nts over 100~mT. The 1~nmM concentration spectrum shown in Fig.~\ref{fig: CWApo_Test}A spectrum\textit{i}
is intended to be used as a reference. Both the 100~$\mu$M and 10~$\ nu$M concentrati ons were collected with
25 averages for a total time of 100 minutes, shown in Fig.~\ref{fig: CWApo_Test}A spectrum\textit{ii} and
\textit{iii}, respectively. Both CWspectra were background subtracted to renpve background fromthe shield.



All CWdata was filtered with a $\sigma_n=75%. The 100~$\ nu$M CW spectrum yi el ded a si gnal -t o-noi se of

181. 8, whil e the SNR of the 10~$\ nu$M CW spectrum was cal cul ated at 16.5.

A SOFFA- CW EPR spectrum was obt ai ned by stepping the field 0.5~nT over 100~nil resulting in 200 steps of 25~nT
sweep width (4096 points each). Each segnent was collected over 30~seconds for a total time of 100 minutes. A
si gnal -t o- noi se i nprovenent of 6.1 (1114:181.8) is exhibited between the 100~$\ nu$M CW experi nent and the
SOFFA- CW experi ment. The SOFFA- CW experinment with 10~$\ mu$M concentration was also collected in 0.5~nT steps
of 25~nT sweep wi dth over 30~s and 4096 points for a total tinme of 100 m nutes. A total of 200~steps were

col l ected over a 100~nT total sweep. The signal-to-noise ratio was calculated to be 83.8 and a

signal -to-noi se i nprovenent of 5.1 (83.8:16.5) is exhibited for an average of 5.6 increase in concentration
sensitivity. All SOFFA-CWspectra were block filtered with a $\si gna=50$% and with an $mr48%. The EPR feature
at 340~nT ($\ast$) is a background caused by residual sodiumdithionite which is used to reduce the iron

sul fur clusters of the \textit{apo} [FeFe]-hydrogenase.

\ begi n{fi gure}[htbp]

\ begi n{center}

\'i ncl udegr aphi cs{ 05- APO_CW eps}

\caption{CW spectra were col |l ected on an Bruker E5180 X-band bridge with a dielectric resonator (9.70~GHz)

of the reduced [4Fe-4S] $"+$ of \textit{apo} [FeFe]-hydrogenase from\textit{Chl anydononas reinhardtii} at
1~mM 100~$\ nu$M and 10~$\ nu$M concentrati ons, spectrum\textit{i}, \textit{ii}, and \textit{iii},
respectively. The reference spectrum of 1~mM concentration was col |l ected over 100~nT, 4 mi nute scans averaged
9 tines with 4096 points. The traditional CWexperinment with 100~$\ nu$M concentration was col | ected over
100~nmT, 4 minute scans averaged 25 times with 4096 points for a total time of 100 m nutes. Both CWspectra
were filtered with a $\sigma_n=75%. The SOFFA- CW experinent with 100~$\ nu$M concentrati on was collected in

0. 5~nT steps of 25~nT over 30~s and 4096 points for a total tine of 100 m nutes. The SOFFA- CW experinent with
10~$\ nu$M concentrati on was coll ected in 0.5~nT steps of 25~nl over 30~s and 4096 points for a total tinme of
100 minutes. For both SOFFA- CWexperinents, a total of 200~steps were collected over a 100~nl total sweep.
Al segnents were block filtered with a $\si gma=50% and with an $nm=48%. Al|l spectra were collected at a
tenperature of 15~K and at an incident power of 0.63~mWw th a field nodul ati on anplitude of 0.5~ml. The EPR
feature at 340~nT ($\ast$) is a background caused by residual sodiumdithionite which is used to reduce the
iron sulfur clusters of the \textit{apo} [FeFe]-hydrogenase. }

\ I abel {fi g: CWApo_Test }

\end{center}

\end{fi gure}

\ subsecti on{Non-adi abati c and Adi abatic Rapi d Scan}

\ begi n{fi gure}[htbp]

\ begi n{center}
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\capti on{A 150~$\ mu$M si te-directed spin-|abel ed Henogl obin sanple in 82\% gl ycerol at 18%*"\circ$Cis
collected with conventional -CWEPR in a five-loop--four-gap | oop-gap resonator at X-band (9.81~GHz) using
0.1~nT field nodul ation at a rate of 100~kHz, 5~ns tine constant, 16 averages over 20~ml (2~m n scan) at 1~nmV
of m crowave power yielding a signal-to-noise of 9.9. A Gaussian filter is applied to the CWdata yielding a
signal -to-noi se of 46.9. SOFFA-NARS data is collected with 0.025~nT steps ($s$) an overlap of $nr40$ using a
trapezoidal field ranp of 11.33~kHz with a 50~$\nmu$s flat region and an anplitude of 0.5~nT. Data were
acquired over 95\% of the trapezoidal sweep in one direction. Processing the data with the SOFFA net hod
results in a signal-to-noise of the pure-absorption signal (not shown) of 3890. An MD FF pseudo- nodul ati on of
0. 1~nT field nodul ati on equival ent was used to display the spectrumin a nore conventional form vyielding a
signal -to-noi se of 483.3. The zooned inset is the first 500 points of the NARS signal. Data was collected on
a custombuilt X-band bridge dedicated to segnented- NARS spectroscopy. A NARS di spersion signal was al so

coll ected (not shown). Both experinments took approximately 32 ninutes each.}

\ I abel {fi g: 150uMHene}

\end{center}

\end{fi gure}

Conventional CWdata is conpared to SOFFA- NARS of a 150~$\nmu$M of a site-directed spin-I|abel ed Hempgl obin
sanple in 82\%glycerol (18%Mcirc$C) at X-band (9.81~GHz), shown in Fig.~\ref{fig: 150uMdene}. Experi nental
paraneters are stated in the figure caption. This sanple is in the slow tunbling regi me of approxi mately
$15\ti nes 10"{-9}$ seconds rotational correlation tinme $\tau_{corr}$. After 16 averages of 2~min scans a CW
signal -to-noise of 9.9 is realized. Adding a Gaussian filter increases the signal-to-noise by a factor of 4.7
(46.9:9.9). By processing the segnented-NARS data with the SOFFA filtering nethod, the collected
pure-absorption signal has a signal-to-noise of 3890 (data onitted). In order to display the spectrumin a
nore conventional form the first derivative is conputed using an MDI FF pseudo- nodul ati on of 0.1~nT. A

signal -to-noi se increase of 10.3 (483.3:46.9 conpared to the filtered CWdata) was achi eved for the sane
nmeasurenent tinme of 32 minutes. The zooned inset is the first 500 points of the NARS signal nultiplied by a
factor of 50. Since NARS uses a bal anced m xer and A/ D converter, the dispersion signal was also collected
for no increase in neasurenment tine (data omtted). The NARS |inear background was baseline corrected in Xepr.
\'subsection{Practi cal Considerations}

The signal-to-noise ratio of EPR is fundamental to the useful ness of the technique. Inprovenments in EPR fall
into two categories: technical devel opnents, such as resonator and spectroneter advances, multiharnonic data
col I ection\citep{Yu2015may} and advanced averaging and filtering techni ques, such as, wavel et

anal ysi s\ ci t ep{ Freedl EEE} and adaptive averagi ng\ ci t ep{ COCHRANE200817, Manni ng2020} techni ques. One nust take
care that any new nethod does not over-filter and deliver a distorted EPR spectrum

In addition, the evaluation of new technol ogy nust be done with both random Gaussi an noi se and correl ated 1/f
noi se under consideration. As describe earlier, Gaussian noise is characterized by the uniform power spectral
density in the whole frequency space, plotted in Fig.~\ref{fig: ShapeNoi se}B(vi). Correlated noise (" " Pink"'
noi se), as shown in Figure~\ref{fig: ShapeNoi se}(v), where a significant portion of the power spectral density



is located in |low frequencies (1/f) that overlap with the power spectral density of the EPR signal. It
isinportant to note that "~ Pink'' noise power spectral density is a function of scan tinme and can be thought
of as a nmeasurenent of systemstability.~\citep{KITTELL2011228} Because of this, changing the sweep
speedchanges the correl ated noi se of the system

In this experinment, the ${13}$C |ines of 10~%$\ nu$M TEMPO have been hi ghlighted by using traditional

averagi ng, shown in black, by scanning 400 tinmes over a 273 minute tinme period for an SNR of 1146. In
contrast, the sane signal-to-noise ratio can be achieved in only 20 minutes (red) w thout |oss of the subtle
$7{13}$C lines by using the SOFFA-CW nethod for an SNR of 1218.

\ begi n{figure}[!htb]

\ begi n{center}

\'i ncl udegr aphi cs{ 08- PhaseNoi se. eps}

\ capti on{ A 10~$\ nu$M TEMPO spectrumis recorded using A) traditional CWaveraging for 273 m nutes (400

aver ages; bl ack) and using SOFFA-CWin 20 minutes (red). One $7{13}$C feature is highlighted. The continuous
wave experinment was collected with 10~nT sweep of 1024 points over 41.94 seconds with 400 averages, 20.48~nms
time constant, at 3.2~nmW O0.1~nT field nodul ation at 100~kHz for an SNR of 1146. SOFFA-CWwas performed wth
3~nil sweep of 8192 points over 10.39 seconds, with 100 steps of 0.1~nT each, 1.28~ns tine constant, at
3.2~mW 0.1~nT field nodul ation at 100~kHz for an SNR of 1218. B) Phase noi se was averaged for 400 averages
and added to the continuous wave data (bl ack; SNR of 205) and phase noi se was added onto each of the 100
steps of the SOFFA-CW (red; SNR of 768).}

\ | abel {fi g: PhaseNoi se}

\'end{center}

\end{fi gure}

Since the power spectral density of 1/f noise is simlar to the EPR signal, both correl ated noi se and EPR
signal have simlar shape in the field donain nmaking fitting subtle spectral features difficult w thout
significantly inproving the signal-to-noise ratio of the EPR signal with hardware inprovenents since
excessively long averaging will not average out 1/f noi se.

To definitively isolate the algorithm s performance under strictly controlled 1/f drift conditions, a hybrid
enpirical -sinul ated approach was utilized. Specifically, the enpirically acquired EPR spectra shown in

Fig. ~\ref {fi g: PhaseNoi se} A were corrupted by nmathematically injecting randomy generated 1/f noise into the
signal. The noise was inplenented in the frequency donmain following a 1/f power |aw, establishing a crucial
framework for realistic noise nodeling in EPR experinents through a systenatic process of creating frequency
spectra, scaling anplitudes inversely with frequency, and addi ng random phase conponents. The inpl enmentation
mai ntai ns mat hematical rigor by ensuring conjugate symretry in the frequency donmain, a necessary condition
for reconstructing physically nmeaningful real signals when transform ng back to the field domain. The

resul ting spectrum for continuous wave is shown in black in Fig.~\ref{fig: PhaseNoi se}B.

For SOFFA, the randonly generated correl ated noi se was added to each of the 100 segnents and averagi ng was
performed through the SOFFA al gorithm Since the continuous wave EPR experinent and the SOFFA- CW experi nment
have different sweep tinmes (41.49~s and 10.39~s, respectively) the frequency content of the correl ated noise
is different and it taken into account in this experiment. The resulting spectrumfor SOFFA-CWis shown in
red in Fig.~\ref{fig:PhaseNoise}B. Fromthis, it is clear that the subtle $7{13}$C lines of the 10~$\ nu$Mm
TEMPO are lost in the continuous wave EPR spectrumand remain in the SOFFA-CWdue to the reduction of SNR
from 1146 to 205 when 1/f noi se was added. The SOFFA net hod denpnstrates enhanced EPR spectral features by
not only enhancing the signal-to-noise ratio by a factor of 3.7 conpared to traditional continuous wave
nmeasurenents (767:205), but also effectively mitigating phase noise and 1/f correl ated noi se, thereby
preserving subtle spectral features such as $*{13}$C lines and enabling nore reliable spectral fitting even
in challenging | owconcentrati on sanpl es where phase noise starts to dom nate due to averagi ng requirenents.
Finally, the version of Bruker Xepr (v.2.6b-160) used to collect the SOFFA spectra is not optim zed for
segnented data acquisition. Future work will inplenment segnmented-NARS using the Xepr Python APl interface to
decrease the | atency associated with | arge datasets. A signal-to-noise inprovenent is expected by increasing
the nunber of averages for the sanme total data-collection tinme. Despite current software limtations, the
spectra collected in Figs.~\ref{fig: CWApo_Test} were perforned on a comercial Bruker E580 instrunment with no
hardware nodifications. Further inprovenent in segnented-NARS is expected by using trapezoidal sweeps and
processing both the sweep-up and sweep-down data.~\citep{KI TTELL201568, TSEYTLI N2017272}

\concl usi ons %%\ concl usi ons[ nodi fi ed heading if necessary]
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The SOFFA data acqui sition nethod, |ntr0duced herel n for segment ed rragnetl c resonance spectroscopy, has been
shown to decrease |owfrequency background signals and significantly inprove the signal-to-noise ratio by
effectively splitting high frequency filtering with |ow frequency averagi ng.

The i nprovenents described here are phenonenol ogi cal : the SOFFA nethod is built upon known DSP foundations,
and the signal -to-noi se gains are denonstrated experinentally rather than derived froma unified anal ytical
nodel . A quantitative first-principles treatnent (one that predicts the net SNR i nprovenent as an explicit
function of overlap factor $n$, oversanpling ratio OSR, filter variance $\sigma_n"2$, and noise color) is the
subj ect of ongoing work. Neverthel ess, the experinmental data presented across three distinct EPR nmeasurenent
conditions consistently denpnstrates the practical value of the approach across biologically rel evant sanples
and neasurenent conditions. The ProDEL script and Python GU are publicly available to facilitate

adoption. \footref{foot:github}

The use of the block-filtering approach enpl oyed by the SOFFA nmethod provides a flexible franework for

i npl enenting conplex filter designs. For exanple, frequency content could be anal yzed and an appropriate

filter could be chosen bl ock-wise ($H k(\onega)$ where $k=0, 1,\Idots, K$; illustrated in
Fig.~\ref{fig:schenes}) to maxi m ze signal -to-noise while mnimzing spectral broadening. Future work
studying the effects of adaptive filtering and "~ “spectral sensing'' is underway in order to choose filter

paraneters without \textit{a priori} information.~\citep{KARAM 2018209, NguyenThanh2013} Additionally, the
SOFFA nethod lends itself to nore advanced techni ques, such as Wavel et analysis and filtering

\citep{Freedl EEE} or subband-nmultirate filtering \citep{rnultirate}, which may yield inproved signal-to-noise
and can be custonmized with \textit{a priori} or real-tinme iterative calculation of the frequency content of
the spectrum Conbini ng advanced filtering techni ques with adaptive averagi ng \citep{ COCHRANE200817,

MOVI NGvADAPT, Manni ng2020} of the overl appi ng segnents provides a powerful state-of-the-art digital signal
processing tool kit for segnented spectroscopy. The SOFFA al gorithmalso lends itself to nulti-harnonic
detection. \citep{Hydel990, Tseitlin2011}

Current studies using NARS show spectral broadening due to edge effects of the applied sweeping field. In
this work, a trapezoidal sweep was used and 95\ % of the |inear portion was collected, thus mininmzing this
effect. This spectral broadening linits the size of $L$. The chall enge can be further addressed by using a
trapezoi dal sweep where the plateau is longer than the relaxation tine of the spin system allow ng the
segnents to be collected entirely during the flat region. This setup would mninmze edge effects caused by
abrupt changes of a triangular sweep or turning points of a sinusoidal sweep.

It should be noted that the first field-stepped RS spectra were obtained by Eaton and col | eagues.
\citep{YU201558} However, segnented-RS differs fromthe enabling field-stepped RS spectra described therein.
The work of Ref.~\citep{YU201558} stepped the field while the whole RS spectrum was excited and then averaged
together. Potentially, for rapid scan, deconvolution of each segnent bl ock-w se before filtering is
feasible. ~\citep{ TSEYTLI N2017272} Future work wi |l explore these possibilities.

As frequency-swept NARS and RS are nore widely adopted, the SOFFA filtering techni que introduced here may
provi de additional benefit by filtering and averagi ng signals fromthe frequency response of mcrowave
conponents which create |arge and often quadratic backgrounds. ~\citep{ HYDE201093, TSEI TLI N2011156,

St rangeway2017} By using the off resonance frequency- or field-sweep in the NARS data collection, the |arge
static frequency response can be background subtracted fromthe whol e dataset before processing w thout

addi ng significant overhead.

I npl enenti ng SOFFA-CW on a standard Bruker E500 spectroneter and collecting segnented CWis straight-forward
and denopnstrates an increase in concentration sensitivity of 6.9 for the sane neasurenent tine. In a

SOFFA- NARS experinent, a factor of 10.3 signal -to-noise inprovenent, shown in Fig.~\ref{fig: 150uMdene}, is
achieved with no change in the experinental procedure described in the

literature. ~\citep{KI TTELL2011228, HYDE201315, KI TTELL201568}

Finally, the SOFFA nethod is also useful for real-tinme segnented- NARS processing, since the Fourier

bl ock-filtering can be easily parallelized on nodern conputers and displayed as the data is collected. As the
SOFFA net hod matures, advanced filtering techni ques nmay provide significant inprovenents over traditional



over | ap-add averagi ng. \citep{ COCHRANE200817, MOVI NGvADAPT, Manni ng2020}

%6 The followi ng commands are for the statements about the availability of data sets and/or software code
corresponding to the nanuscript.

Wolt is strongly recoomended to make use of these sections in case data sets and/or software code have been
part of your research the article is based on.
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\ codedat aavai |l abi | i ty{The ProDEL script and Python GU used to collect and process SOFFA data are avail abl e
at \url {https://github. com jsidabras/ SOFFABruker}.} %%t use this section when having data sets and software
code avail abl e
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\ secti on{ Shape of Noi se}

Pl ots of sinulated Gaussian spectra in field and Fourier space, Figs.~\ref{fig:ShapeNoi se}A and

~\ref{fig: ShapeNoi se}B, respectively. A noiseless Gaussian is shown in Fig.~\ref{fig: ShapeNoi se} spectrum
\textit{i} and white noise is added to make the signal-to-noise approxinately 4, shown in

Fig. ~\ref {fig: ShapeNoi se} spectrum\textit{ii}. By filtering the noisy spectrumw th a Gaussian filter
(Fig.~\ref{fig: ShapeNoi se} B; dashed-1ine) the noise outside of the spectral bandwi dth ($f_{cw}$) can be
renpved, shown in Fig.~\ref{fig: ShapeNoi se} spectrum\textit{iv}. However, by oversanpling, shown in

Fig. ~\ref{fig: ShapeNoi se} spectrum\textit{iii}, the spectral bandwidth is reduced ($f_s$) by the
oversanpling factor $\text{COSF}$ and the noi se power spectral density is reduced by the same anount. In order
to mmc the nethodol ogy of oversanpl ed segnented-data collection, the nunber of points renain the sane, but
the collected data a~e only a segnent with a quarter of the field sweep.

Pl ots of sinulated Gaussian spectra in field and Fourier space, Figs.~\ref{fig:ShapeNoi se}A and

~\ref{fig: ShapeNoi se}B, respectively. A noiseless Gaussian is shown in Fig.~\ref{fig: ShapeNoi se} spectrum
\textit{i} and white noise is added to make the signal-to-noise approxinately 4, shown in

Fig. ~\ref {fig: ShapeNoi se} spectrum\textit{ii}. By filtering the noisy spectrumw th a Gaussian filter
(Fig.~\ref{fig: ShapeNoi se} B; dashed-1ine) the noise outside of the spectral bandwi dth ($f_{cw}$) can be
renpved, shown in Fig.~\ref{fig: ShapeNoi se} spectrum\textit{iv}. However, by oversanpling, shown in

Fig. ~\ref{fig: ShapeNoi se} spectrum\textit{iii}, the spectral bandwidth is reduced ($f_s$) by the
oversanpling factor $\text{COSF}$ and the noi se power spectral density is reduced by the same anount. In order
to mimc the nethodol ogy of oversanpl ed segnented-data collection, the nunber of points remain the sane, but
the collected data is only a segnent with a quarter of the field sweep.

An exanpl e of pink noise is shown in Fig.~\ref{fig: ShapeNoi se} spectrum\textit{v}. The power spectral
density, shown in Fig.~\ref{fig: ShapeNoise}B illustrates the challenge with filtering pink noise: the
concentration of power spectral density in the same region of the spectral bandwi dth. Wereas white noise,
shown in Fig.~\ref{fig: ShapeNoi se} spectrum\textit{vi}, has a flat power spectral density response.

\ appendi xfigures %% needs to be added in front of appendix figures
\end{figure}
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